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LESSON 7 Functions

Cartesian product and correspondences

The Cartesian product of two sets A and B (also called the product set, set direct product, or
cross product) is defined to be the set of all ordered pairs (a,b) where aeA and b eB. It is denoted
AxB. AxB={a,b) ae 4,be B}

Some relations map some points in a set 4 to one or several points in a set B. These relations can be
saw as a subset of AxB and are called correspondences.

Example:

A={1,2,3}  B={ab,c.d}
AxB.={(1,a),(1,b),(1,¢),(1,d),(2,a),(2,b),(2,¢),(2,d),(3,a),(3,b),(3,¢),(3,d)}
a correspondence {(2,d),(3,c)}

Types of correspondences:

- left-total: for all a €A there exists a b B such that a is mapped to b

- right-total or surjective: for all » €B there exists an a €4 such that a is mapped to b
- function: for all a €4 there exists a unique element b B such that a is mapped to b

Note: a left-total correspondence where at least one point in set 4 is map to several points in B is
called a multivalued function (or multiple-valued function).

Functions

A function (or map or mapping) from A4 to B is a relation that associates every element in 4 to a
unique element in B. It is an object / such that for every a €4, there is a unique element f{a) €B.
The set A is called the domain (the set of “imputs™)

The set B is called the codomain (the set of allowable “outputs™)

The range of the function fis the subset of elements of the codomain which correspond to some
element in the domain.

Example: domain A={1,2,3}  codomain B={a,b,c,d}
afunction  /={(1,d),(2,d),(3,c)}

A)=d A2)=d fB)=c
range {d.c}

Note: Generally speaking, the symbol frefers to the function itself, while f{x) refers to the value
taken by the function when evaluated at a point.

Functions from a number set to a number set

We can mainly distinguish between functions over the reals and functions over the naturals. The
latter are known as sequences. , N
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LESSON 7 Functions

Functions over the reals

When a function is defined with words its description is usually vague and probably inaccurate.
Examples:  the image of “x” under fis the difference between its cube and its product by nine
a function g maps every real number to its square

A function can be specified by tabulating the arguments x and their corresponding values f{x)
If the domain is finite, a function fmay be perfectly defined this way.
Examples: x| -4 3 -2 -1 0 1 2 3

vl -28 0 10 8 0 -8 -10 0 28

£l -4 3 2 -1 9 1 2 3 4
gx)| 16 9 4 1 0 1 4 9 16

A function can be specified by means of a graph.

The graph of a function fis the collection of all ordered pairs (x,/(x)).

In particular, graph means the graphical representation of this collection in a Cartesian coordinates
system. Graphing on a Cartesian plane is sometimes referred to as curve sketching.

Examples 0~ -

10

-10 — —

More commonly, a function is defined by a formula or an algorithm (that is, a recipe that tells how
to compute the value of f{x) given any x in the domain).
Notations commonly used to represent functions from a subset of R to R:

- The notation specifies that f is a function acting upon a single number x and returning
a value f(x).

- We can use variable y to represent the value associated to x (mainly when a name for the function
is not needed)

- The notation | f : A+ B, where f° (x) =...|is used to explicitly specify the domain of the function.
Examples:

fixx 9% y=x-9% flr)=x—9% iR R where f(x)=x"-9%
gixHX y=¢ gly)=+ 7 g:ZH> R where glx)=»




Functions
LESSON 7 Some vocabulary of functions and graphs

If you write a function fin the form y = fx), y is considered dependent on x and x is said to be the
independent variable.

A specific input value to a function is called an argument of the function.

For each argument x, the corresponding unique y in the codomain is called the function value at x,
or the image of x under f.

The image of x may be written as f{x) or asy.

The graph of a function f from real numbers over real numbers is the set of all ordered pairs
(x, (X)), for all x in the domain.
These ordered pairs are the Cartesian coordinates of points (x is the abscisa and f{x) is the ordinate)

Example

f:x—2x-1isafunction.  This function can be written in various other ways:
y=2x-1; f(x) =2x-1; x—>2x-1

23
-) -3 - / -
Sy 6 }///?(4,/)
2 1 5 /3,5)
sly If we plot t%lese points, we see that they L Tj/:
: h | form a straight line. By joining these 2 //" (“ S

| points we form the graph of this i it I

' function. FE b e

| ~ “If the input is 2.2, find the (0,-1) f-1 i

output’ Draw a dotted line from 2.2 on /1 -2
| the x-axis, to the graph and then to the (-L-3)¢ |3

y-axis. -
4 he ou“f‘)u‘* i 3‘L1
‘If the output is 1.8, find the input’. Draw a dotted line from 1.8 on
the y-axis to the graph and then to the x-axis. L

+l‘( f.‘:;}f" 4. /’8

If A is any subset of the domain, then S(A) isthes isti
R ubset of the range consist fall i
elements of A. We say the f{A) is the image of A under f, ¢ e ofall images of

If B is any subset of the codomain, then the subset 7/(B) = {x i is i
, t = i i
(or inveras Tacey o s ot S (B)={xinX|f(x)isin B} is the preimage

NOtef,t,hE range of f'is the image of its domain.
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LESSON 7 Functions

Some functions over the reals map many numbers to the same number: many-to-one functions
In other functions over the reals different numbers of the range correspond to different numbers of

the domain: one-to-one functions

Examples:
f(x)=sinx (many-to-one) f(x)=x (one-to-one) f(x)=x’ (two-to-one but for x=0)
sin.x x e
y r t3 "~ 130
0. '_:- Q'i J: DI )
— 0 E.‘ 4%y FAULE ‘ ?i Eé
-1 246 81012~ 24681012

Note: some graphs of relations reveal that the relation is not a function; that happens when more
than one element of the codomain are correspondent to an element of the domain.

can be split into two functions

are not functions

is a function
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LESSON 7

Functions
Characteristics of a real function over real numbers

Let f'be a function over real numbers given by y = f(x)

Domain of f

Domain(f) = {xeR|3(x)}

Range of / Range(f) = {yeR|3IxeR,y=f(x)}
S
Faln
\"’/R‘-
range ‘
!" \\'“\
: x
domain b

Intercept points;
if 0e Domain(f) then the vertical intercept or the y-intercept point is (O, f (O))

if x,,%,,...x, € Range(f) and satisfy 0=f{x) then the horizontal intercepts or the x-intercept points
are (x,,0), (x,,0),..(x, ,0)

Continuity; fis continuous if its graph can be drawn without lifting the pencil from the paper
fis continuous if small changes in the input result in small changes in the output.
fis continuous at xy if close to x¢ arguments have close to f{xo) images
[fis continuous at xg if [x—>Xxo = f(x)>AX0)]

A

ﬁ continuous discontinuous at x,

Monotonicity; fis increasing on the interval I if Vx,x’ el [x<x’=>AX)<f(x’)]
fis non increasing on the interval I if Vx,x’ el [x<x’= f(x)=f (x")]
fis decreasing on the interval I if Vx,x’ el [x<x’=> f(x)> f(x")]

fis non decreasing on the interval I if Vx,x’ el [x<x’= f(x)< f(x")]

42— R 20 —

~ 4
/ n " e i O - AcT e asing
fiocxewptng | | | decrcasing 0, 20 beogens 1! . J
-, =] 2 = 1 2
y,

\ g
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LESSON 7 Functions

Extrema (turning points);
fhas a local or relative maximum at x if 3 (a,b)3 x¢ | Vxe&(a,b) f ()< f (Xo)
fhas a local or relative minimum at x, if 3 (a,b)3 x¢ | Vxe€(a,b) f(x) =1 (Xo)
fhas a global or absolute maximum at xy se VxeDomain(f) f(x)< f(Xo)
fhas a global or absolute minimum at xo se VxeDomain(f) £ (x) = f(Xo)

4.2} —> R 20

e .
Global Maxiaimurn [
LS~ »

Local Maxirmuin

45— )
4 ‘[ J.ocal| Minimuin -
iy i f —— + + B e et —t—

1 3 -2 -1 A 1 2
/ Gilobal Minimum ¥

X—X, X, — X,

fis convex on the interval I if Vx;,x,el and Vte[0,1]  flta+(1~2)b) <tf(a)+(1-£)1(b)

fis concave on the interval I if Vx;,x,€l |:xe(xl,x2): /@)= f ) > S (x‘)}
x—Xx X, =X

fis concave on the interval I if Vx ,x;el and Vte[0,1]  Ata+(1—2)p) 2tf(a)+{1-1)1(b)

Curvature; fis convex on the interval I if Vx;,x;€l {x e(x,,x,)= /&= 1) < AC Y )}

A
y

~

LInﬂection points;  the points xo at which f changes its curvature are called inflection points

Periods;

fis a periodic function with period T if YxeDomain(f) [x+TeDomain(f) and fix)=Ax+T)]
(The entire shape of the graph can be seen in a given section T units long).
Jix)

1|
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LESSON 7 Functions

Rate of change;

if a,pe Domain(f) the average rate of change of fbetween a and b is = = ,

W_fB-/d
—a

Increasing functions have positive rates of change

Decreasing functions have negative rates of change

Symmetry;
fis even if f{x)=f— X) VXx,— xeDomain(f) (the graph has a line of symmetry in the y axis)
fis odd if f{x)= —f(— x) Vx,— xeDomain(f) (order-2 rotational symmetry about the origin)

10 '

1 ‘ ] "T. ! l
8 \ { 6 2
1 \\ ]
6 \\ / z 4 : -
4 \‘ // = . | / !

-4| | 6
P W . Z .
- - 8

8
even function odd function

End behaviour and asymptotes;
the end behaviour canbe  x— +0w0 = f(x)— +©
or else x— +00 = f(x)—> —0
or else x— —0 = f(x)—> +oo
or else Xx— —0 = f(x)—> —©
the line x=a is a vertical asymptote for fif [x>a=> f(X)—>+o]
the line y=b is an horizontal asymptote for fif [x—>w0= f[x)—>b]
the line y = mx+n is a slant or oblique asymptote for f'if [x—>00= fx)}-mx — n]

fhas a parabolic asymptote when x>0 = f{x)>wand x > w0 = f_(x) — ©
x

or else when x>0 = flx)>wand x >0 = @ -0
x

x
or else when x—w0 = f{x)—> and x—)w:ﬁ—) —->m#0 and x>0 = fX)}-mx —> ©

A straight line that a graph approaches ever more closely without
actually touching it is called an asymptote. - I55 -



LESSON 7 Functions

Examples on calculating domains

. x+2
8 For example, the function f(x)=r—_— cannot have 3 in its domain since division

SR

by zero is undefined. o

So Domain(f)=R—{3}

g Let us calculate the domainof y=—; I
LT T %2 2x -8
W 2x-8.0 — xo2:V4+32 _2:6__-4
2 2 0 =2

The denominator is zero for values x =2, x = 4 so Domain= R—-{4,-2}

B Let us calculate the domain of y=Vx+5

The rooted must be non-negative: ++5>0 — x> -5
So Domaﬁin=[—57,i+£>oi) I T

Examples on spotting discontinuities

J
/ v\ Y= —————
,/ N\ oF = M2
J 1\ x—-2
N\ (
”
-

The function is discontinuous at x=2
This function has a vertical asymptote x=2. The function grows without an end as x approaches 2.

e

|
! A x2-2x
y ATy
‘ o e
' The function is discotinuous at x=2
A This function is not defined at x=2.
; 2 o o
" |
‘ g [ x farxs 2

i—— 7|1 o2

The function is discontinuous at x=2
A piece-wise function: the function is like y=2 but for x=2, where the value of the funcfcipn is y=1

) The function is discontinuous at x=2
[}lc §:x¢ 5 A piece-wise function: for x < 2 the function
x = R
: s — - is like y=x. For x >2 the function is y=1
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LESSON 7 Functions

Examples on reading graphs of periodic functions

| The change of helght (m) of apointina rotatlng wheel along the time (s) is represented by the
following graph:

" TR PR LT T PPt e

T I I ¥ , Rl f I f ] H i f
1 it HA 1 3 t { t i+ ] b !
40 1 1 ! ; i | D eT EAE A

30 60 90 120

In the following graph appears the beginning of a periodic function

T=4
the following arguments: x=9, x=7, x~418.5 and x=1603.5 (T=4) Let us find the images of

i JSOA1)=5
O O
L fl418.5=A2.5)=3
- f1603.5)A3.5)=1.5

- (because 9 = 2- 4 + 1 the pattern is repeated “twice and a bit”)

“ 1 (because 7 =4 + 3 the pattern is repeated “once and a bit”)

— (because 418.5 = 104 4 + 2.5 the pattern is repeated “104 times and a bit”)
+-- (because 9 =400 - 4 + 3.5 the pattern is repeated “400 times and a bit”)

Examples on studying monotonicity and extrema

W _Say where the function is increasing and where it is decreasing; find the local and global extrema.

517 Tt
// \\//’

Domain={-7, 11]

The function is increasing on [-7,-3)w(1,11]

The function is decreasing on (-3,1)

There is a relative maximum at x = -3 and its value is 2.
There is a relative minimum at x = 1 and its value is —5

The global maximum is reached at x =-3

The global minimum is reached at x = -7 and its value is —6

- 157 -



LESSON 7 Functions

EXERCISES

1) f: x— 4x— 1. The domain of fis
- {1, 2, 3,4}. Find the range.

i
|
[
|

2) g:x—> 2x? + 1. The domain of gis
-— {0, 1,2}. Find the range. |

——— f

3) From the Venn diagram on the right,
- list the elements of:

(i) the domain of f. l
(ii) the codomainof f — - ‘
(i) the rangeof £

4) Give an example of cartesian product, another example of correspondence and another example of
function. = __ S

5) Give an example of function overR and specify it by means of a formula, a table, a graph and
- describing it with words. o |

3x? -

¢) Calculate the images under f (x) =2x* —x + 4 and under g(x) = of the desired arguments:

A f=5) g@ gD M) A3 &0 g(;_J
3 Calculate the domains of the following functions:
yo— y=+lx—5 y=vx*-2x-8 y=+x+5

x? +2x -8

y:l‘ y:V.x2+2x‘8 y = I

x*=2x-18 i 8L

8) C?lculate the x-intercept and the y-intercept points of the graphs of the following function:
fx)=—3{cf42 g()= 220t h(x)=3x* +x -2 k(x)=3-+25-2x
9) On what intervals is the function increasing? N
a On what intervals is it decreasing? TITN
At which points does it have maxima and minima? 5

10) Calculate the rate of change of f(x)=2x* -x+4

a) between 2 and 6 b) between -3 and 1 c) between 0 and 10
2 —

Calculate the rate of change of g(x)= 3 s 4

a) between —2 and 0 b) . between 3 and 8 c) between 1 and 4
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LESSON 7 Functions

11) Givean example of concave function, an example of convex function and a function with an
inflection point.

30| YOLUME (itcer)
 12) The cistern of a public toilet empties each two minutes as shown in the graph: ‘

a) Complete the graph corresponding to the content of water during 10 min:., GeEs A ume
b) How much water is there in the cistern at the following moments:
After 17 min After 40 minutes and 30 seconds  After 1 hour, 9 minufg, |

o - - and 30 sewnds

_13)  Plot the graph of the sine function and say what its period is.

14)  Give an example of an even function and another example of odd function.

15) Give an example of a function with an horizontal asymptote, another example with a vertical
asymptote and a function with and end behaviour of growmg to +o0 when x—>o0

_ 16) The amount of radiation of a substance decreases by a half in a year. PAVIATION
The graph shows the amount of radiation of an object along the time. LT

What value does the radiation tend to as time passes by? E

' 12 TIME (yenrs)

17) Draw a graph showing how the temperature of a piece of ice changes. The temperature was —10°C
initially, and after 0.5 h it was 0°C; after 2 more hours the ice was finally melt. The environment
temperature was 20°C.

18)  What does the area of a circle tend to as the radius grows?

19)  Plst Yhe grafks of

—= i.f- ¥~
f(")’- 3 f ~1gxn<4
(x-1)+3 i Agx

_ %% =1 for x<-=3

300: ¥45 }or -3<x41

&
- A e
- - 159 -



LESSON 7 Functions
Operations with functions

Just like you can add, subtract, multiply, or divide numbers, you can do those same operations with
functions. Suppose you have two functions f{x) and g(x).

Addition

The sum is another function f+g such that f+g(x)=f(x)+g(x) for xe Domain(f)"Domain(g)
Example: f(x)=2x—7 g(x)=5x+3 f+g(x)=2x—7+5x+3=7x—4
Substraction

The difference is another function f~g such that /~g(x)=f(x)—g(x) for xeDomain(f)nDomain(g)
Example:  f(x)=2x-7 g(x)=5x+3 f-gx)=2x-7-(5x+3)=-3x-10
Multiplication

The product is another function f'g such that fg(x)=f(x)-g(x) for xe Domain(f)~Domain(g)
Example:  f(x)=2x-7 g(x)=5x+3 £ glx)=(2x=7)-(5x+3)=10¢> —2%-21
Division

The quotient is another function ! such that ! (x) = % for xe Domain(f)nDomain(g)\g™ (0)
g g g\

Example: flx)=2x-7 g(x)=5x+3 i(x)zlx—7’ e

g 5x+3 5

Composition S -

The diagram shows how two functions f and g may be combined.

f g
xR R e(f()

In this case, f is applied first to some value x giving f(x). Then g is applied to the
value f(x) to give g(f(x)). This is usually written as gf(x) and gf can be thought of
as a new composite function defined from the functions f and g.

For example, if f(x)=3x, x € Rand gx)=x+2, x € R then
gf(x)=g(3x)=3x+ 2.
The order in which the functions are applied is important. The composite function
Sz is found by applying g first and then f.
In this case, fg(x)=f(x+2)=3x+6.

Generally speaking, when two functions f and g are defined, the composite
functions fg and gf will not be the same. ) __ S

Note: When evaluating the resulting function of an operation it is possible to evaluate each function
individually and then combine the two values. However, it is usually a more expedlent method to
combine the two functions and then do the evaluation. :
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LESSON 7

Functions

The modulus function

The notation |x| is used to stand for the modulus of x. This is defined as

x when x>0 (when xis positive, |x] is just the same as x).
X[ =
A -x when x <0 (when xisnegative, |x| is the same as —x).

The expression [x—a| can be interpreted

as the distance between the numbers x x must lie between these lines'
and a on the number line. In this way,

the statement |x—-a| < b means that the «—b—>—b—>
distance between x and a is less than b. a-b a a+b

It follows that « — b <x<a+b.

y=Ixl
It follows that the graph of y = |x| is the 5
same as the graph of y =x for positive 4: y=|x|
values of x. But, when x is negative, the 24
corresponding part of the graph of y =x e
must be reflected in the x-axistogivethe = 3~ 73 Tof T ; T ;%
graph of y=|x|. 24
. —4-
y=If(x]

The graph of y =|f(x)] is the same as the

graph of y =f(x) for positive values of f(x).

But, when f(x) is negative, the

corresponding part of the graph of

¥ =f(x) must be reflected in the v-axis to T
give the graph of y=|f(x)}.

The diagram shows the graph of y = I% |

Transformations of functions

Some operations involving constant functions have a certain effect on the graph of the function.

Known function ~ New function Transformation
y=f(x) y=f(x)+a Translation through a units parallel to y-axis.
y=f(x-a) Translation through a units parallel to x-axis.
¥y =af(x) One-way stretch with scale factor g parallel to
the y-axis.
y=flax) One-way stretch with scale factor 1 parallel to
the x-axis.
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LESSON 7

Example The diagram shows the graph of a function, y=f(x) for 1 €x< 3.

Use the same axes to show:
(@ y=fx)+1
by y=flx+1)

(© y=2f(x)
(@ y=fZo
@ (b)
2- ALY =fx)+1
N p 3
0 T T T >

© vy (d)

The graph of some new function can often be obtained from the graph of a known
function by applying a transformation. A summary of the standard transformations

is given in the table.

JA

2+ y=f(x)
NN
T 3§ 53
;

2 y=fx+1)
o

% 1T 5 § % %

2 y=f(2x)

o

Inverse of a function

The inverse of a function f is a function, usually written as f~', that undoes the

effect of f. So the inverse of a function which

adds 2 to every value, for example,

will be a function that subtracts 2 from every value.

This can be written as f(x)=x+2, x € Rand f'(x)=x-2, x € R.

The domain of £~ is given by the range of f.

Notice that f~' f(x) =f(x + 2) =x and that ff'(x)=f(x~2) =x.

A function can be either one-one or many-one, but only functions that are
one-one can have an inverse. The reason is, that reversing a many—one function
would give a mapping that is one-many, and this cannot be a function.

The diagram shows a many-one function. it does not have an inverse.

You can turn a
its domain.

-162 -

If you reverse this diagram
then p would have more
than one image.

many-one function into a one-one functiea \3(‘7 Y‘es+ﬁ‘(,'lf

Functions
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LESSON 7

Functions

Finding the inverse of a function

One way to find the inverse of a one—one function f is to write v=f6) and
rearrange this to make x the subject so that x=f""(y). The inverse func¥itn i
usually defined in terms of x to give f~'(x). The domain of £ is the vthg o&f

I
x Wy
) S
f41
. . , x+2
Example Find the inverse of the function f(x) =3 X+ 3,
x_
. x+2
Define y=——
x-3
-3 = Multiply out the
then y(x-3)=x+2 brackets
xy—3y=x+2
xy—-x=3y+2
x(y-1)=3y+2
3y+2 x:j:"(,) bhis
o y-1- étf-‘no the
(nverse of f
So [(0)= 2 , x= 1. The deneminator @t be
x-1 allowed o be 2zero
x+2 L 3x+2 _
Here are the graphs of y=—— and its inverse y =
x-3 x-1
YA \ | X+2
? _—
E \" x-3
" ‘
4 _
3x+2 4
Y= =
= X —\’I 2
_4’ T _211* T ‘J.“Q T é i 3 Z T é T
\
—2_,
4|




LESSON 7 Functions

EXERCISES

20)  fx)=x%*+5and g(x
(a) Write fe(x) in te (b) Find fg(10),
(¢) Find the values of x for which fg(x) = gf(x).

N
21) Find the inverse of the function f(x) =E~§, x € R, x # 2 and state the )vmv'n

of the inverse function. x-2

22) (a) Sketch y=(x-2)(x+2).
(b) Sketch y=]|x2-4|.

23) Solve [x-2| <5,

24) The diagram shows y =f(x)
On separate diagrams, sketch
@ y=f+1 SHCET. \
(®) y=fGx+1) 2 A 00 3
(@ y=f(2) =11
@) y=2f( N
€ y=f(x)
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