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Trigonometry 

Measure of anales 
- - -  - 

A kgt-ee can be divided into smaller parts, called minutes. 
There are 60 minutes in a degree. IIVe write 60' = lo. 
Similarly, M0 = 30' and ?A = 15'. Also, 3.1" = 3.1 x 60 = 186'. 
A fniriute tan be subdivided into60 seconds, but these are so small that wc do 
not bother with them. 

To enter degrees and minutes into a calculator, look for the button marked 

(which stands for Dgrees, Minutes, Seconds). This-buttcrn n~c'' 

. - 
labelled . 

To - write-24'33' o-n a calculator, press ICI( m " - m- 

Example 1 
-m Two angles of a wiarr5lc havc mmure 53O48' and 77O31'. Find the -measure flf !Iz' 

- - - ~ - .  - -  - - -  thiitd angle. 

~er-48'4.1' appears on the screeri. - - - - - - - -  - - . - - - - 

One radian is the angle subtended at the center of a circle by an arc of circumference that 
is equal in length to the radius of the circle. 

-- - -- - -  --- - - - -  -- AngEs can also be measured in radian~ and this makes it much easier to dealr: 
trigonometric functions when using calculus. 

1 radian = 57.3O. This may be written as 1' .; 57.3". However. the symbali 
radians is not normally wriften when-the-angte invofves n. 
The faHowing .resutts are -useful .to remmbec: 

. .  o 7r n n n = 1 80 , - =-90", - = 45", - =60° = 300. 
2 4 3 ' 6  

-y ir thai you know how radians relate to degreer. 
! 

lole circles 

ake sure t h  

about: 6 r2  

Q k e  7T as 3. so 9L)" = 2 radians , and a 

right. e answer Ic 

idians. Alw 

nkc, a bout 

a = 180" 2n rad = 360' \ 

- YGU $e got to knewt ths-e ones 
1 O 2 rad = 90° f- 

2 
well - so YOU don t need - 

iT 
-M_ _U- _ _- - .- to think about them a t  a l ~  

i 

rom one to the other: \ 

1 l 
- - -- - - m- - You can easiiy work this out since _ 

1 ' 3 ?; i-iiiIiipIy by 180. 
- - -  I~ i \ l i de  - b\ - 1 80, riiulliply - - by E.- you know rhwz 7t rads is 180" 

- --- - - 
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The grad is a unit of plane angle, equivalent to V400 of a full circle, dividing a right angle 
in 100. It is also known as gon, grade, or gradian. The unit was really only adopted in some 
countries and for specialized areas, like land measurement. 
Note: 1 grad of a great circle course on the surface of the Earth corresponds to 100 km distance. 

How do you convert degrees, minutes, and seconds to and from a decimal number? 
Many calculators have a built-in function to compute this - it is often called "dms" or "hms". 
Examples: 
(from decimal to degrees, minutes and seconds) Write 42.36824 

Click the "DMS" button 
42" 22' 5.66" will appear 

(from degrees, minutes and seconds to decimal) Write 35 
Click the "DMS" button 
Write 48 
Click the "DMS" button, (35.8 will appear) 
Write 50 
Click the "DMS" button 
35.813889" will appear 

Similarity and enlarnement - 
Conqruence is another ridiculous niatlis word which soiinds really complicated 
when it's not. lf two shapes are congruent, they're simply the-same - 
the same size and the same shape. That's al1 it is. 

I I 

- same size, s~11ne shape: A, B, and C 
are congruent (with each other). 

- same shape, different size: D and E 
are similar (but thcy'rc not congruent). 
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.Y 
Trigonometry 

10 

r,ir lour niairi ítiiiiga that you need to know about enlargements: 

1 ! Iic ~.caleb-&r is bigger than 1 
l i , l ~ i  thc shape gets m r .  

. _ __ -m-j ¡ 
A to B is an Enl,argement, Sca!e Factor 1 

lf the scale factor i s  smaller th, 
(¡.e. a fraction like l/2), then the sndpe gets srnaller. 

I z%l.  (Rea!ly this is a reduction, but you still 

1 -  - cal1 it an enlargement, Scale Factor l/2) 

S i; is ~ i n  tnlargernent of Scale Factor '12 

3 '~dargernent Scale Factor 3 

A'  B' The scale factor also te1 ls you the 
relative distance of old points and new 
points from the centre of cinlargement. 

J' 

9 cm This i s  very useful for drawing an 
enlargement, becacise you can use it to 

3 cm trace out the positions of the new points 

-- 
i iiili-) 

from the centre of enlzrgen~eiit, as 
11 c1 

16.5 cn: shown in the diagran-i. 

4 'pi?yths of the tcvo shapes (big and small) are 
, i r  ( 1  io the zcale factor by thjs very important /i~tt~ LuJ 6th r S(~GF%~@R IEAIó;TiI 

N ,' - 

Classic "enlarged photo" exam question with no trouble: 

To find the width of the enlarged photo \ve 
1 , , use the formula triangle twice, firstly to find 

the scale factor, and then to find the m i s c i n e :  

1 I S.F. = new length s old lengih = 11 -25 i 9 = 1.25 
l 
I 
i 31 Be~11 wicltk = scale factor x old width = 1.25 x 6.4 = 8 cm 
- 
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7 
For an enlar~ement of scale factor n: 

The SlDES are n times bigger 
The AREAS are n2 times bigger 
The VOLUMES are nJ times bigger 

Simple ... .but very forgaabli-. 

For example, if the scale factor is 2: 

1) the lengths are &ice as big, (n = 2) 

2) e ~ c h  ares is  4 times as big, (n2= 4) 

3) the volume i s  "oinws as big, (n3 = 8) 
1 i 

as shown in the diagram: 

All you have to do i s  remember it. i , _  . _ 

Map scale is the relationship between a unit of length on a map and the corresponding length over the ground. 

A typical verbal scale might be "One inch to one mile". Many maps carry a graphic scale such as this bar scale. 

A representative fraction (RF) shows the relationship between one of any unit on the map and the same units 
on the ground. RFs may be shown as an actual fraction (e.g. 1125,000). They are more usually written like a 
mathematical proportion with a colon (as in 1 :25,000). 

Example: 1 :25,000 means that one unit of any length on the map 
represents 25,000 of the sarne units on the ground 

The RF is the "scale factor" of the supposed enlargement between the map and the ground. 
LENGTH - ON - -  THE - - MAP = LENGTHOVRTHE - GROUND -- - RF - -- - --/ 

Similarity of trianales 
- 

77íeorem: A line drawn parallel to one 
side of a triangle divides the 
other two sides in the same 
ratío. /A/ 

r 

i.e. lpxl : 1x41 = IpyI : lyrl 4 
- -- - -- - - - 

The converse of this theorem is true. That is, if = w , t h e n  xyll qr. 
1x41 lvrl 
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'l*/ieorern: If two triangles are equiangular, the lengths of corresponding 
sides are proportional. 

Given: Two triangles Aabc and Axyz whose corresponding angles 
are equal in measure. 

Construction: Move Axyz so that a = x and b is on [ x y ]  . c will be on 

[ xz ]  because ILbacl = ILyxzl .. 

bc 11.y.z. since corresponding angles Labc a-nd- L x y z  

are equal. 

/=I . . a b l  (as a consequence of Theorern J.) 
Ixyl- 1x4 

labl lbcl Simila-rly, it. can. be proved t h t  - = -. 
lxyl lyzl 

Comsequences: 
(Let's suppose that 2 ,  61 , are the angles of a triangle and a, 6, c are the lengths of the 
respectively opposite sides of the triangle; the same for A',  61' , and a ', 6 ', c ' ). 

- .- 
- -  -- ---- 
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Angle-Angle (AA) theorem 
If two triangles have two pairs of corresponding a n g w a l ,  t h e  triangles are similar. 

2 = 2' and B = B' a ABC and A'B'C' are similar 

Side-Side-Side (SSS) theorem 
If two triangles have al1 three pairs of corresponding sides in the same ratio, 

b' c' A A 
then the triangles are similar. -=-=- 3 ABC and A'B'C' are similar 

a b c  

Side-Angle-Side (SAS) theorem 
If two triangles have one pair of corresponding angles equal and both corresponding pairs 
of sides adjacent to the angle have the same ratio, then the triangles are similar. 

A A b' c' A A 

b c 
A = A' and - = - 3 ABC and A'B'C' are similar 

. Examples: 

Are similar 
4 145 

Are similar 

Further comsequences: 

- When two right-angled triangles have one pair of corresponding acute angles equal 
the triangles are similar. --- - .  -- -- - 

3'0" + 35" + a = 1'8'0" 
-+a =(t 

'90" + 33" + 'P = 1.80" 

_ - . - - -  - -- - - - - 

- The height perpendicular to the hypothenuse of a right-angled triangle splits it into 
two triangles that are similar to the original one. 
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Theorems in right-annled triangles 

Trigonometry 

Let "a", "b" and "c" be the hypothenuse and the short-sides of a right-angled triangle; let 'm" be the vertical 
projection of "b" onto the hypothenuse and "n" the vertical projection of "c" onto the hypothenuse; leth "h" be 
the height drawn from the hypothenuse. Thus, the intersection of "h" and the hypothenuse "a" divides &'a'' in 
two parts that are "m" and "n". 
-- - -- - - 

The perpendicular height theorem: 
In a right-angled triangle the height drawn from the hypotenuse is the geometric mean of the two parts that it 
divides the hypotenuse into: h = &. This can be written -1 
Prove: height "Y divides the triangle into two triangles 

they are both right-angled triangles and the sides of the two acute angles are perpendicular to each other 
so their angles are equal 
so the triangles are similar 

h n 
so their ratios of the short sides are equal: - = - 

m h 

The theorem of the sides adjacent to the right angle 
In a right-angled triangle each of the short-sides is the geometric mean of its projection onto the hypotenuse and 
the hypotenuse itself: b = & and c = 6. These can be written -1 and -1 
Prove: height "h" splits the triangle into two triangles 

they are both right-angled triangles and they share an acute angle with the big triangle 
so their angles are equal to the big triangle ones 
so the small triangles are similar to the big triangle 

b a c a 
so their ratios of the hypothenuse and one short side are equal: - = - and - = - 

m b n c 

The F'ythagoras' theorem: 
In a right angled of the hypotenuse is equal to the sum of the squares of the other two sides. 
That can be 

Prove: applying the previous theorem: b2 + c2 = m a + n a = (m + n)  - a = a a = a 2 

N-: the converse is true (a2 =b2 + cZ the triangle has a right angle between the sides of lengths b and c) 
-- - -- - - - - - - -  m - 
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Example 1 

Trigonometry 

Example 2 

Find x and y, as in the diagram: 

Solution 
X2+.62 = 72 (by-Pphagoras' Thsorem) 

The lmgths-ofsides-of a triangle are 28,45 and 53. 
-- - p ~ p  . - . -. - .- ~ 

Investigate if the rriangle ii ii-7 anded. 
- - -- - 

Solution 
We must investigate if 53' = 452 + 282 

Since 532 = 45" 2 8 2 ,  we can conclude that the 
-- ~- - - - -~ - - -- - 

triangle is right-angled, by thc 
- - - -~ 

comerse ofYythagoras' theorem. 
~ - -- - 

:. x = J3 (leave surds as surds) 
/-- - 

Now, x 2 + ( 5 2 1 2  = ,y2 

7 

Answer x = 1/13; y = 5 --- - 

Generalized P~thagoras' theorem 
- 

In acute-angled triangles the square on the side opposite the acute angle is is equal to the the sum of the squares 
on the sides containing the obtuse angle of the base by the segment of base out of the 
projection of the other side onto the 

A 

In obtuse-angled triangles the square on the side opposite the obtuse angle is equal to the the sum of the squares 
on the sides contai 
onto the base's pr 

Prove: c2  = h2 + 
- 

b---8- c__~ -&- 
- 8 5  - 
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EXERCISES 

How could you state 40" 50' 20" as an angle using cornrnon decimal notation? 

Can we express 40.3472" in units of degrees, minutes, and seconds? 

How could you state 100' 28' 55" as an angle using comrnon decimal notation? 

Can we express 8.48 16" in units of degrees, minutes, and seconds? 
- - - - - - 

I-Iow many minutes in each of the 
following? 

( i )  half a degree 
(ii) Yi of a Jegree 
;iiii % o€ a degree 
(iv) 1%" 

( v )  1/10 of a degree 
(v i )  2.5' 

(vii) 1.7: 

t 8 i i i )  lo2/ 
iiu) 33h1 

6)  Perform the tollowing,additions 

-- - (and subtractions), giving your 
answer in degrees and minutes: 
[ i )  2'30' + 4" 15' 

iii)  6"12'+ 10'40'. 
(iii) 25'50' + 42"20' 

i5' c70°22' 

17' + 24O38' 

.- - 

7) a) Two. angles of a. tri~ngle 
- measure 63O25' and 5 1°45'. Find. the 

third angle. 

b) Two- sngles of a. ti-iaitgk are of 

measure 44O22' and 85057'. Bind-the- 
third angle. 
-- 

c) Two angla of a triangle are bofh of 
~ -. 

rneasure 59'42'. Find thetfird 
angl e... 

- - 
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Find the missing angres A, B, C, D, E: 

9, Express in radian~: 
- - -  

330" 135" 210" 315" 1 20" 270" 
225" 330" 150" 240" 300" 100" 

10) Express in degrees: 
- 

2n 57~ 3n 7n 57~ 
- rad - rad - rad - rad - rad 

3 6 4 6 4 
4n 3n 1 ln 5n 7n 
- rad - rad - rad - rad - rad 
3 2 6 3 4 

111 LllC u1< 

Find 1 b.rl 

12) 
.Investigate -if t-riangles with these 
lengths of sides are right-angled, 
or not: 

(i) 8, 15, 17 

(ii) 7, 11, 13 
(iii) $2, $3, $5 
'(iv) .7,24, '25 
(v) 20,-99, '1'01 

bi>  3, $7,4 
-- p- 

13) What is the area of an isosceles triangle with equal sides 5 cm long and different side 6 cm long? 

14) Find out the perpendicular height drawn fiom the hypothenuse ("h") and the projections of the 
short sides onto the hypothenuse ("m", "n"). 
Data: the hypothenuse "a" is 5 m long; the short-sides "b" and "c" are 3 and 4 m long respectively. 

15) Find out the perpendicular height drawn fiom the hypothenuse ("h"), the short-side ("c"), 
its projection onto the hypothenuse ("n") and the hypothenuse ("a"). 
Data: the short-side "b" is 16.5 cm long and its projection onto the hypothenuse "m" is 7.5 cm long. 

-- - - - - -  - - -  - - - -- -- - - -- - -- 
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16) Find out the perpendicular height drawn fi-om the hypothenuse ("h"), the short-side ("b"), 
its projection onto the hypothenuse ("m") and the hypothenuse ("a"). 
Data: the short-side "c" is 70 cm and its projection onto the hypothenuse "n" is 50 cm long. 

17) Find out the short-side ("cm), the height drawn from the hypothenuse ("h"), the hypothenuse ("a") 
and the projections of the short-sides onto it ("m", "n"). 
Data: the short-side "b" is 12 cm long and meets the hypothenuse at an angle of 60". 

- -  - - -  -- - - - - - -- 
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Heron's formula 

Trigonometry 

Heron's formula for the area of a triangle with sides of length a, b, c is 

Sines, cosines ímd tannents 

Here is a ri'ght-angled. triangle, with arr angle-A. 
The longest side k- called. the-h.ypot-enuse, as we 
have seen. 

The side opposite the angle A As called the 
opposite. 

The third side is called the adjacent because it adjacent 

is adjacent to (or beside) the angle A. 
/~- .  ~ ~ - 

-- - -- - ~ - - - - -  ---- 

sine A = hypoten use 

adjacent 
cosine A = opposiIe 

hypo tenuse tangent A = 
adjacent i 

(These names are sometimes shortened to sin, cos and tan.) 
- - - - - -  - - - - 

Exampie 

Write the sine A as a fraction (see diagram). 

Solution 
opposite 11 - 

si"eA = hypotenuse ' 19 
- -- - - -  -- 
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The trigonometric ratios do not depend upon the chosen triangle where they are calculated. 

--- - - ~- - Exarnple: 
-~ - - - - Hce are &ree. righht-angled- tria-ngles. Each. ha-S an an.g-le of 30°. 

Did you notice anything? Even though the triangles are of different sizes, the length 
of the side opposite the 30" angle is always haLf.oftlie Iéngth of the hypotenuse. 

opposite 1 
i.e. hypotenuse = 2 = 0.5 (Where 'opposite'means the si'de opposite the angle.) , 

This ratio-will. hold. for any right-anglcd triangle with an angle oE 30°.. 
This.ratio - is . known - as the sine: of the angle 30". '- 

On your cal'culator press 
-- 7- m m n  
Lhe answet 0.5. should appear o n  the screen. (If it doesnlt,.get someone 
to make sure that your calculator is in degree mode. Then try again.) 

-.-*- 

If YOU press E? m m on your 
calculator, the number 0.642787609 
appears on the screen. We usually shorten 
these numbers to four deciinal'places, 
which is accurate enough for most 
calculations. 

:. sine 40" = 0.6428 

This means that in any triangle which has J 
-- w- 

a right-angle and an angle of 40°, then _ _ 
- 

/ 

opposite 
- 0.6428 /' hypotenuse - 

Supposing you want to find an angfe whose sine 1s 0.8 (i.e. you want ro find A if 
siilA = 0.8'). 

--mpmnpq You must press ' 

The answer is 53..1501",.which is 53" to the nearest degree. 
- -  - -- - - 
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Exaiiiple 1 

Find the values 0.f x and y to  the nearest whole number. 

Trigonometry 

Solution 

opposite . . -- = 0.5 
hypotenuse 

(ii) sin40° = 0.6428 
opposite . . = 0;6428 

hypotenuse 

..:. y = 200(.0,6428) 
:. .y = 128.56 
:. y = 129 

(to the nearest whole number) 
- - 

-- 

Find x correct to one decimal place. 

Solution 
The two sides with either a number or a letter are the 
adjacent and the hypotenuse. Therefore, we will use 

X 
the ratio which involves these two sides only. 

- -- - - - -. - - - -  - - - ,- - - -  - - - 

adjacent 
.I.t .is a s k  A = .h . .. . ypotenuse 

X :. cos29O = 3 
X :. '0.8746 = 20 

:. 20('0.'8746) = x 
:. .17.492 = x 

-:.. x = 1.7.5 &m-ect to QW decimal place) 

Answer 17.5 - ~ p~ -~ - -  - - -  . -- - - -  
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Example 3 
Find the value of x corra* to the nearest wkole number: 

Solution 
The side with a number or a letter are the opposite and the hypotenitse. We will. 
therefore. use-the- f o ~ r n u ~ a  whích- men-tions these bvo- sides. 

Find x to thenearest metrtre. 

Sohition 
The sides with a number.o~-a .&ter are the .opposite.and the-tidjacent. Therefore we 
will ase h e  fomula which .mentIons these .two sides. 

q p o s i t e  
It is tangent A = adjacent 

..:. 29(.1..4826) = x 
:. 42.9954 = x 

:. x = 43 m (to the nearest metre) 
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Trinonometric identities 

Learn these trigonometric identities; they are very important when simplifiing expressions and solving 
equations and should be learnt. 

sin x I,,;""" -1 
cos X 

("Pythagorean trigonometric identity") 

Prove of the 1 ": applying Pythagoras' theorem opposite + adjacent = hypothenuse 

opposit2 adjacent hypothenus2 
dividing by hypothenus e2 + - - 

hypothenu~ hypothenus2 hypothenus 

that can be written 
( opposite l2 + ( adjacent )' 

= 1 
hypothenuse hypothenuse 

so we have got sin2 x+cos2 x = 1  

opposite 
sin x hypothenuse opposite 

Prove of the 2"d: -- - - =tanx - 
cos x adjacent adjacent 

hypothenuse 

Prove of the 3rd: 2 sin2 x - cos2 x + sin2 x 
l+ tan  x=l+-- 

1 =- 
cos2 X c0s2 X 

.- - - - 

c0s2 X 
- - 

_ - - -_ _ - - - - - - - 

Example 
Solve the equation sim = fi cosx, for values of x between 0"-and. 3-60". 

Divide each side by cosx.. 
sinx - = .fi 
COSX 

+ tanx = fi 
x = m? or 240? 

- - - - - - - - P . - 
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F. 

'7rrre special anqles: 45", 30" and 60" 

++ 
Let.1~ = the length of the hypoteniise. 

By Pythagcuaq' theorem, h2 = 1 2 + i 2 

..., k' = 2 

:.. .I1 = J2 

7' ! l 
adjacent 

COSA = . 1 :. ~ 0 ~ 4 5 "  = - ~S* ,LLLSS 
hypotenuse h / l 

opyosite 1 
j 

-sin A = -- :. sin450 = - _ _  450 -i 

hypotenuse h 1 

tanA = opposite .. 1 .. taii4So = - = 1 
adjacent 

- 

1 
-- ~ -- 

Since the triangle is equilateral, each angle 
is 60". 

Now if you bisect the triangle, you could get 
a right-angled triangle with other angles of 2 

60" and 30". 

1 adjacent 
COSA = :. cos60° = - 

hypotenuse 2 

-0pposite 
sinA = 

.J3 :. sin 60" = - 
hypotenuse 2 

opposite 
tanA = J3 .. tan60° = - = & 

.adjacent .1-- -. 
- - -  

SOSA = J3 ad.jacent ..; cos300 - 
hypotenuse 2 

opposite 
u I 1 n  - 1 :. sin30" = - 

hypotenuse 2 

npposite 1 :. tan 30' = - 
adjacent h 
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Usina triaonometric identities in proves 

-" 

lrfother use for these trig identities is  proving that two things are the carne. 

EX; The identity sign = rneans t h a t  th is is t r i e  
-- -- Sho~v that *= l -s in0 

1+sinO Foi3all 0. ratl-isr thar; j us t  certain daiuc5 

!Yove things like this by playing about with one side of the equation until it you get the other side. 

Thc on Iy thing I can think of doing lrere is replacing cos' 8 with 1 - sin2 9. (Wliich is good because it works.1 

' + P  :y llnc 1s a diffcrcnce of two squares: 

. sin O, ; ~ ; i ~ - ~ ~ i ~ : ! : , í ~ ¡ : , : f i ; : ~  .~klc:. y 
- - 

Secant. cosecant and cotanaent 
-~ - - -  - - -~ - - - - 

These trigonometric fiti$ , commonly k n ~ w n  as sec, cosec and cot, are 
defined from the more familiar sin, cos and tan catiq as follows: 

1. 
sec x = - 

1 1 
C O S ~ C  x = - cot x ---- 

~ o s  x sin ,K tan x 
- - -  - - -- . .- - - 

Triaonometric ratios of non-acute anales 
- - -  - -  

OPi' ;idj OPP The defi~iitions sin A = - , cos A = - , tan A = ;d; are fine if A is ocuy h ? ~  1 : ~ .  
angle. But if A is obtiisc (say 120") then it 1s impossible to draw a 
triangle with angles 90" and 1206. New defi~iitions are called for. 

Draw a circle with centre (O, O)  2nd radius 
m e  iinit in length (callecl a iinit circie). 

( K  9' Draw a radius along the positiire ssense of 

thc x-axis. Now draw another radius, at 
an angle A to the first radius (tutning anti- 

clockwise). If ( x  11) is the point rvhere this 
radius meets the circle, tlien 



LESSON 4 Trigonometry 

remember thnt 
m.= (COSA, sin A) 

~ -~~ - - 

For examplei when 14 = 53", 

we find that the poiet 

( X  y) = (0.6, 0.8) 

:. cos53O - 0.6 

sin53" = 0.8 

(1, sin 

the point (x, y) = (0, 1) 

:. cos9O0 = O, siri90° = 1 

1 
and tan90° = - = undefitied d 

(becziuse you cannot divide by zero). 

='180", then 

(-170) 

;, cí is 180' = -1 

sin 180' = O 

o 
i< l i l  lSOO = - = O 

- 1 
~- -- - -  

~ - - ~ -  

y-. 

m{ if A = 270°, then 

1.. 1 . )  = (O. -1) 

, i.>s270° = 0 

\in27O0 = -1 

! n n  27 . = undefined 

- - - -- .-~ ~ - -  -. ( O ,  :l b ~ ~ -  
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The four quadrants 

Let us divide the uiiit circle into four quadrants. 

The 1st quadrant is for angles in the rahge: 0" to 90". 
The 2nd quddrant is for angles in the range: 90" to 180". 

y The 3rd quadrant is for adgles in the range: 180" to 270". 
m The 4th quadrant is for angles in the range: 270" to 360". 
- -- - - - - - - 

cc 1st quadrant, al1 val~ies of cos, sin and 

*., positive. 

1 > ,  ih: 2nd quadrant, cbsines are negative, 
.mr ,~ ,  are yositive and tangents are negative. 

sin positive 
1 , ~ I ~ C C  tan = - = --- = negative) 

cos rlegative 

ir, the 3rd quadrant, cosines and siries ate 
li,~ili iiegíative. Hence tangents are positive. 

sin - riegative - í.,i~iie tan = - --- = plositi-ve) 
cos negative 

':i itie 4th quadrant, cosines are positive, sines 
.iri' riegative and thllgents are negative. 

sin negative 
m c e  tan = - = v = negative) _--- - -- 

cos -. - positive - - - __ -- 

Geometric intemretation of the trigonometric ratios 

- 1 OP OR 0 R  
cos eca = OR because - - - 

sena OB m 1 - 
- AP 2 q  - 

- 
tana= A'Q because tana=====- sec a = OQ because - 1 - - - - O p a @  - -- - -- 

OA OA' 1 cosa OA 1 
- - -  

- BP B'R B'R 
C O ~  ana = B' R because cot ana = = = = = - 

- -- - OB OB' 1 
-p 
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Trigonometric equations 

- - --- -- . u 

Snlv~  rnq u = 4 for -360" 5 x 5. 720°. 

1 '  First, to find ail the values of x between 0" and 360" where cos x = 3 - you do this: 

Rit the first soli~tion 
onto the diagrarn. 

Fini 
and 

d the other angles between O" Ditch the ones that 
1 360" that might be solutions. are the wrong sign. 

. \ \ \ \ \ ! )  l / /  1 
/"'Y i ' ,  1 ' 1 1 ;  , / ! ,  

\ \ \ \ ! \ , I !  
The angle from your calculator goes anticlockwise _ ' ' ' 

y C O ~ X  = )$, whi~h isp& ' The other solutions come h-om making - 
from the x-axis (unless i t 5  negative - then i t  - - 

- - the 53mo arrile From t l ~ r  horizon?+4 axis - - c m  is pmitive in the 4mquadra 
would go clockwise lnto the 4 t h  quadrant). . , inm t(e 3 quadrants, , mt the 2" or 3"' - so dikh t h e t r ~ :  

' / / l l / l I  I \ \  \ \ \ \ \  / /  f f  1 ) ' :  , \ \ , , i , , ,  ' " l /  1 / 1 1  i \ \  1, 

So voulve.got solutions 60" and 300" in the range O" to 360". But you need al1 the solutions in the raiige 
to 720'. Cet thes 

x = 6í 

tatedly ac 

k g  360' 

nto each until y01 1 go out c )f range: 

aiiu ~ W - I C ~ L I I I I , ~  J U U  A - u u ,  --t-iI iiuu i i i i ~ i t i t  

So the solutions are: x = -300a, -60°, 603, 3003, 420" and 660". 
- - -- - - --- - - e -  - - -  

Lse this identity to get rid of a sin' or a cos' that's rnaking things awk~varcf ... 

YOIJ can't c io rniich while the equation's got both sin's and cos's in it. So repiace the sin2x bit with 1 -cosLx. 

Multiply out the bracket and rearrange it so that you've got zero on one side - and you get a quadratic in cos x: 

the only t r l ~  3 2 - 2 C O S ~  x + 5 COSS = 4 If you replaced cos x with  y th15  

f u n c t i o ~  15 cor; ~ ~ C O S ~ X - ~ C O C . T + ~ = O ~ +  
would be 2y - 5y + 2 = O 

This is  a quadratic in cosx. It's easier to factorise this if you make the substitution y = cosx. 

Yow one of the brackets must be O. So you get 2 equations as usual.: 
-. \ . . \ , i , I :  I . z .. 

or (CC O .: This 1s a b i t  weird. cos x is  always between -1 and 1. : 
- 

59 you don't ge t  any solutions From this braikct. ..: e. . , , ;  , \  . 3 

jnd co This is impossible - so you get nothing from this bracket. 

So at the end of al1 that, the only solutions. you get are x = 60" and x= 300". How boring.>- -. - ~- - 

. -- ----- ---- - ~ 

- 98 - 
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1 ! 
This is a handy thirtg to know - and onc tiic ex~iinrncrs Ic~vc testing. Basicallyl if you've got a trig equation with a tai 
in it, together with a sin or a cos - chances are you'll be better ofi if you rewrite the tan using this formula. 

m Solve: 3sinx - tanx = 0, for 0" I x  5360" 
- -  > 

si nx 
It's got sin and tan in it - so writing tan x as - is probably a good rnove: 

cósx 

,Y - tan s 

sin -t. * a s ~ n x - - = u  
cos .-t. 

Get rid of the cosx onífie bottom by n-iuhiptying the whole eyuaiion by ~ o s x .  

NOLV -therels a cornrnon factor of sinx. Taketllat outside a bracket. 

And now you're alrnost there. You've got two things rnultiplying together to 
rnake zero. That rneans either one or both of thern is equal to zero themselves. - / 

7 - . -p.-. - ~.- .~ --.- -.--.w~..- --,~e.----r.--- 

. 1 \ .. T .m,..-. . - ..:-. ...*.,*... . . 

Y Rearrange ... COS s = 3 1 

The first solution is ... sin-' O = 0" So the first solution is ... 

Now find the other points where sin x i s  zero in the COS-' 3 = 70.5" 
interval O" < x  1360". 
(Rcmembcr the sin graph is zero every 1805) 

. another solution in the 
3 x = O", 180°, 360" 4th quadrant ... - - 

-- - 
------- -.--- -- -*.--- --.. 

': 
So altogether you've got possible solutions: 

q .Y = O '.18C?'.3.r10-.70.5',2~9.5~' And the two solutions from this part are: 

,-.- .  ..- - ....... -.- ........ . - ----.-..---m-.---- + .Y = 70.5",289.5" 
~ - - - -- - - - -- - ~- ~- - - - 
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Slo~es and tangents 

If the hill rises as we travel fiom left to right, 

Sometimes it is given as a percenteage, previously multiplied by 100. 

Exam~le: - Here is a hill whose slope ic +'A 

ut ti;;/. 
_ _ ____-. - - 

4 
-.- - - 

-. -. . . - 

The sine and cosine niles 
~- .-. 

~- ---  -- 

This may be rearranged to find an angle 

Prove of the sine rule: 

U 

h 
a c a a . s i n C = c . s i n A a - = -  

-=sinAah=c- sin^ sin A sin C 
C 

Prove of the cosine rule: 
If C is obtuse c2  = h2 + (b + p)' = (a2 - p 2 ) +  (b2 + p2 + 2bp)= a' + b2 + 2ba(- c o s ~ ) =  a' + b2 - 2bacosC 
because cos C is a negative number 
If C is acute c2  = h2 + (b - P)2 = (a2 - p 2 ) +  (b2 + p2 - 2bp)= a 2  + b2 - 2bcosC 
because cos C is a positive-number._ .- 
- ~ 

~ .- ~~ 
- -- - - - -. - 100 - -- -- - - - -  - - -  - 
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To decide which of these two rules you need to use, look at how rnuch you already know about the triangle. 7 

SlNE RULE 

I: nmv 
two a 

(And f pli Lomo twn an3-C. ynu 
can easily iind ttw o ~ k r  cinc.) 

COSINE RULE - THEN 

& c 

If you know ie 
three sides ... 

4 

ERR - IT DOESN'T WORK-": 
If you've got two sides b .,. 

Y'I 1 

i2P' 1 

an'd an ai 

~nglt. he%= 

Ir two sic 
:le betwi 

les and tt 
?en thern 

... :hcrc 
sornetin 

- 
are - 
les nvo F 

a 
tossible tr 

m Solve A ABC, in which A = 40°, a = 27m 8 = 73'. Then find ifs area. 
II_ -- - - ? 

Draw a quick sketch first - don't worry if it's not deadly accurate, though. 
, \ ~ I < I , , ,  ' , ,  

You're given two angles and a side, so you n e d  the Sine Ruk. Make suw you pñ side : 
First of all, get 
the other angle: 

- aoppo5ite a i g r  A f / 3 
Then find the other sides, one at a time: / 1 . \ .. 

a - 
sin A 

- b --= 
sin B 

27 

C=L= 
sinC sinA 

n -9 

27 .=- 
' sin 40" 

Now just use the formula to find its area.  are^ ~f A ABC =yzosmc 

~ 2 x 2 7 ~  

(-m Find X, Y and z. _ . 1 

You've been given 2 sides and the angle between thern, so you're going to need thecasine-Rwte, then the Sine Rule. 

j)(lO) cos 

$5' 

. \ " ? , l . , ;  ? ,, 
35'9i.; ln this case, angle A is 35', 

; and side a 1s actually z 1 
, , , /  . I ' \ ' . i  , \ \  

, \  \ \ \ \ !  \ ! l l !  l l l ~ ~ ~ , i l , ' ~ ~ /  1 J 

z' = 35.7602 
1 

/ / ,  When youuse an earller answer. don't use one that's been rounded - 
3 ,: z :c'.lRc2'J - -1 too rnuch. Use a t  least 3 or 4 decimal places. 40 it's a good Idea to  - - - 

---.-- , wrlte down a really exact mswer tc each-par% and f.h_en round lt. , 
/ /  / 1 t / l  l l i ' : l l " l l l ~ , ! ~ ' ~  , \ , . ,  1, ! \ \ \  

You've got al1 the sides. Now use the 
Sine 'Rule to-find arrother -two angles. --- 6.5 - 5.9800 

To get the Iast angle, just subtract the 

Fe 5ine Kule jg i t  5av5: 
two angles you know frorn 180". 

(to 2 d.p 

-- Dlvidlng 'lm-zh d 3 iide" by '%he sini - - ~ X = c i n - l  - of the oppesite angle" glves the same - 35"+38.6O+Y =180° 
answer, whichever pair you clroose. . .!,. = 25.5 

/ / / l / l \  \ \ \ \  Y - 180 - 35 - 38.6 = LQ5,lb l 
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EXERCISES 

18) Find the sine of these angles, correct 
. to four decimal places: 

(i) 60" (ii) 80" (iii) 25" (S) 7oR (xi) 15" Miii) 8" 

(iv) lo (v) 100 (vi) 34- (gv) 83" (](u) 77" ()(vi) 41" 
(vii) 48" (viii) 6'- (ix) 54" (#VE) 88" (xvui 1-1: CXUS) 23" 

(x) 2" - -- -- ( X x )  59" 

-- each case: 

"' l b -  

20) Find the value of x to the nearest 
unit: 
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2 1) Firid the values of these, corred to 

. .- - four decimal places: 
(i) tan 33" (ii) COS 23" 

(iii) tan 10" (iv) COS 81" 
(v) tan 66O (vi) cos 61" 

(vii) tan 72" (viii) cos 1 1" 

(ix)tan 40" - (x)_cos 60: -- 

22) , Write down sin A, cos A and tan A 
in each case: - - -  

(y) ( i ' i ) 5 h  (VI- 

-L 

4- 
. - -- - - - - - -  

12 A 
37 

23) a) (i) Find cos 60". b) (i) Find tan 45" c) ti) Fina tan 35" correct to one 
- ---Gil Deduce the value of x F ( i i )  Deduce the value of y- - - .decimal place. A Ay (ii) Deduce .t-he value of x, .ta .tbe 

nearest whole number: 

- 4 5 O  
X 9 - -. -- - - 

- -~ - - -  A. 
3s0 

20 

24) Find the value of x in each case 
-- --corred to  .me.decimal place: 

(viii) Ax 
51" 
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25) a) Prove that B a n d  B a r e  right-angled triangles by the converse of Pythagoras'theorem 
b) Calculate sin h in both triangles and check that you get the sarne nurnber- 

. -  - - 

26) Fill the table: 

27) Fill the table with the exact values for every trigonometric ratio (leave them in surd fom) and for evev 
-- -- angle (a<90°) 

- - -- 

28) Prove the following (using other trigonoinetric identities): 

(sin al3 + sin a . (ros a)* a) - = 1 

b) (sin a) + s¿n a (cos a) 
= tg a 

cos a 

29) Use the diagram to w r t e  down the 
values ofi 
i i )  COS 300" 

(ji) sin 300" 

(iii) tan 3060 

30) The diagram shows a line seghent 
- - [ o k ]  such that Jokl = 1 iinit. 

use your prbtractor to find a point jT 
on [ o k ]  such that (opl = cos 55". 

-- - 
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31) Use the diagram to write down the 
--. 

valiies of: 
(i) cos 60" (ii) sifi6O0 

32) (a) Use the diagram to estimate the 
- .  - values of: 

( i )  cos 150" (ii) sin 150" 

33) 
Use the diagram to complete the- 
table below: 

A 0' 90" 180. .:,,1, ' 

cos A I 

sin A 

tan A 
- 

~indefinrd iindcfiried 
~ -- - -~ . .~ -~ 

34) (i) Wfite down two values of A 
. -- 

(where O" 1 A 5 360") stich ?Iinf 

COSA : 
i) Write c 

( W ~ P ~ P  

= o. 
lown one 

- A - .  . 

sinA = 

(iii) Write d ,4 

(where ou _<A 5 ~ ~ U U , J  ssucii th;ir 

= -1. 

lown one 
- -  . . 

(b) Use 1 

valul 
Ei) 

the diagram ro estimateiF,e 
es of: 

cos 240" ( i i )  q i q i  7 f r i r  

M e  down three vakes of A 

. r i~hrre  0" 2 A 5 360") such that 
o. ,;ir1 1% = 

Illrite do' 
i...~..,,  n< 

' ; . i  wn two values of A 
t.. ~ ~ C L F  11' I A 1360") S U C ~  that 

ins /L = 1. 
: i )  l f  tan 8 = 0, find thtee ~ralues of 

' 9 in tlie tange 0" S 8 I 360". 
f . . '  - , , I !  I 30 B (whete $60'): 

sir = o. 
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35) Use &e diagtam to write down 
- - approximations for: 

(i) cos 216" 

( i i )  sin 216" 

(iii) tan 2 16" 
- p .  

36) 
Find .the missing angles -[to .the 

- - .nearest deg-ree.) -in each case: 
(i) sinA = 0.8192 

(ii) cos B = 0.8571 
(iii) tan C = 6.314 

(iv) sin D = 0.6947 
(v) COSE = 0.9816 

(vi) tanF = '0.4245 
(vii) sin G = .0;9782 

(vi$ -cos H = 0.9455 
.(&) tan.1 = 1.6 
( x )  sin] ~~ = - ?h - ~ 

- 

3 7) 
e calculator to find the value 

- ,,i t 1 (to the nearest degree) in erich 
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38) Find x and y to the nearest whole 
- number. 

3 9) . h d  A to the nearest degree: 
- - -  

40) Solve for x (O0 < x < 3600) : a) sin2 x - sin x = O 
- -- 

Find the height of the pole, to the 

--- - - - - - - - 

c) 3tanx+3=0 
-- - 

f )  2cos2 x-sin2 x + 1 = 0  
- - - -  - - 

41) A vertical flagpole is fixed to the 
1 ' 

ground by a rope which is 20 metres 
long and which runs fiom the 
gmund to the t q ~  of &e pele. The 
rope makes an ande of 5B0 with the 
Iiori7mntal-gmund./ - 

/--' 
- - 

'\ 
- "\ 

\ 
'\ 20 
\ 

\\\ 

\ 

&o\ 
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42) A ladder is 6 m long. It rests on 
horizontal ground against a vertical 
w d ,  making an angle of 60" with the 
ground. 

rl 

How far 3s the foot of the t&der 
f ~ t l w  foor- of the-wd?- - - 

43) A vertical wail is 3 metres high. It 
- 

casts a horizontal shadow 12 metres 
long. Find the angle of elevation A of 
the sun, to the nearest degree. 

44) Find out the angles of a rhombus in which the diagonal~ are 12 and 8 cm long. 
--- - 

- - How - - long is the side of the rhombus? - - - . - 

45) Solve for x and y to the nearest unit: 
- - (iii) You may take sines, cosines and tans 

correct to one decimal place (e.g. 
take tan31 = 0.6 ). 

: i )  

6 
- 

-y--+ 
í i i )  (iv) 

(vii) 

Y 

-- - - - - -- A 35" .Y 20 - A -15- -- 

24" 1 
- - - - - - - -- - 
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46) Find the areas ufthese triangles to 
- -- 

the nearest square unit: 

Find &e vahw of a, b-md c to the 
nearest whole nurnber: 

Find. the value od x, correct to two 
decimal places. in each case: 

(ii) 
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A metalic structure is described below: 
49) - - - - - - -  - - -  

R 
- 

M \ \ \ 
A 4 m  E 4 in B 4 m  C 

A A Calculate the lengths m, and find out the angles A, e, EBD and ABC 

50) The speleologists use some string to calculate the depth of a cave. 
- They stretch it and measure the length and the angle with the ground. 

Calculate the depth of point B. - 
- - - - -  -- 

70 m 

5 1) A road sign te11 you that the slope is 12%. 
Which is the angle of the road with the horizontal line? 
After moving 7 km along that road how many metres have we descended? 

52) A hiking trail sign states that altitude is 785m. Three kilometres further the altitude is 1065m. 
Calculate the average slope of the trail and the angle with the horizontal line. 

- 
- 

- - - -  - - - --- - - -  

54) Solve triangle ABC in each case: 
- a) b) C> d) e) 

a = 27m a=8m a = 10.7m a = 6 m  a = 15.3m 

A = 40" A=i50 b = 7.5m A = 450 b = 10.5m 

55) Give an example of an angle with: 
/-- a) positive sine and negative tangent b) positive cosine and negative sine 

c) negative tangent and negative cosine d) positive tangent andpositive sine 
- - - - - - - - - - - - - - - - - - - - - - - - 

- - - - - - - 

- - 110- 
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56) (a) Copy dnd complete the table (a) Copy and complete the table @) Copy add complete the table 
- -  - 

(in surd form): (in surd forni): (in surd form); 

cos 45" si11 45' tan 4-0 Cos.30" sin 30' tnii 30" cos 60" siti 60" tan 60" 

Find x, y and z Find x, y and z in surd form: Find x, y and z in surd form: 

57) Find the value of x and the v n 1 ue ofG 
(in surd forni): 

58)  a) If A = 45", evaluate sin2 A + cos? A 

59) Pihd: 
<i)  Id\. 

( i i )  lbc]. 
rea Atzbc. 

h, the petpendiciilar height of 
. Heme find the area of Aabc. 
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61) A vertical flagpole stands dn 
- horizontal ground. It is kept upright 

by two wires, as shown; 

0 
Find the height of the pole (to the nearest metre). 1 ~ -~ - - - 

.-~ ~ 

1 -~ - 

1 

62) 
~f COSA = -- , find two vajues 

-- - 

J2 
of A where O' < A < 360'. 

A vertical pole stands on horizontal 
63)- ground. It is kept in position by tiro 

ropes: one long and one short. The 
ropes make angles of 64'58' and 
41'18' with the graund. The ropes 
are tied at points on the ground, 
96 m apart.. 

Pind (to the nearest metre): 
(i) tlie length of tke shorter rOFc. 

(ii) the height of the pole. 
-- --- - 

64) Look at the data John collected in order to calculate the river's width. 
~~ - - ---  - -- . - - - - -- - 

J. - - . - - . - - - r F i 5 " f - * & - - * ~ ~ .  - y -, ., 

n-7 
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65) Find angle A and hence find the area 
- - -  

of this triangle correct to two 
decimal places. 

66) The diarneter of a two-euro coin is 2.5 cm. 
- - Find out the angle between the tangent lines that cross at a point 4.8 cm far from the centre 

(as shown below): - - - 
- - - - 

/ 

\ 

67) Data: 
- - -  Question: the area of the t~angle  

c = 3 Ocm - - 

2 = 400 

h = lO50 C b A 

68) Data: the radius of the circle is 8 cm A 
- Question: the angle AOB 

-- -- the segrnent AB i s ~  10 - ~ ~ - - -  ~- -- -- 

- - 

69) A farmer owns a triangular field A 
.- - Apqr, as shown. She wants to sow 

1140 m2 of barley in triangular piece 
qrx, and vegetables in the rest of the 
field. 

Calculate the required distance /G,ge,h~es '1 

Find the kngth lprl and heme firtd /  le^ ""-../ \ 
34045'1 

the area which- will be sown with q 73'27' , 
100 113 - -- - - 

vegetables (to the nearest square 

metre). 
---------- - 

- - - - - - - - -- - 1 1 3  r 
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