
LESSON 3 Real Numbers 

Rational numbers Q 9 3 
-20 - - ,--1;0,2, -;4, ... 

' 5 7 

1 1 u 1 m: A real number is called "irrational" if it is not a rational number. 

Real numbers 

Note: in English, "whole numbers" means the set 
- -- - - - - - - 

-Decimal numbers -are -the same .as .real numbers: 

% 

- A decimal number with no digits on the right of the decimal point is an integer. 
- A terminating decimal number or a repeating decimal number is a rational. 
- A non-terrninating, non-repeating decimal number is not a rational; It is caIled an irrational number. 

m: In England, the symbol used to separate the integer .part of a decimal number from its fractional .part is a 
d-imal .-- point. - - .- - - -  

- - - -~ 

- 
9 3 

-= - n  - - f j - O  2 = 43 ,... ..., 
5 ' "'7' 

Location on the real line: 

+ . -  : , , /-r 

- Integers me phced teaving .always the same dkta-nce -between -each m b e r . a n d  the f01-bving. Zero is in 
-the - .m-, - - .positives are . on - --- .the -- .nght - and -~ .negat.ives - - are - on - t.he - .leB. - T.he - - .nmbers gow -fiom .l& .to .&.ht. _ _ -- - - - -  

- - A decimal number is pictured by repeateay 'fractioning each unlt into ten smaller-order - ~ l t s .  ~ - - 

- Proper fractions are pictured dividing the unit 'into as many parts as the denom'inator teils and moving to 
- . - - - 

the right (to the left, if negative) as many parts as the numerator tells. - - - -- - - - -  - ~- -- - -- - - - - -- - - - 
5 - 

- 

- Improper fractions are first changed into mixed numbers. Then the fractional part ispictured on the unit 
- - . - --  - - 

se- f01-lowkg the irrteger. 
- - - - . - 
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- Exact method to locate nurnbers like & , (n E Z) on the real line: consider n = (~ñ-i)i + 1' 

so we can -te & = x~n-i)i + 1' ; apply Pythagoras Theorem to a right-angled triangle with short . 
sides and 1 ; the hypotheniise should be & ; use a pair of compasses to bring that measure down 
onto the real line. - - - ~ -~ ~ - - 

-- - - -  ~ -~ - . ~ - - -  ~ 

- - - - -- 
- - - - - - - - - - - - . - - - e - - - - - 

. 1 ( 6 ) 2 = r n = G  - - -~ - ,,,"p; 
O l .  Y? 

1 

Intervals of real numbers 

We need to be able to talk easily about certain subsets of W . 

We say that I c W is an open intewal if I = (a, b) = (x E W 1 a  < x < b)  ("the numbers between a and b") 
We say that I c W is a closed intewal if I = [a, b] = (x E W 1 a  < x  < b)  ("the previous plus a and b") 
We cal1 half-open intewals to sets like these: (a, b] = (x E W 1 a  < x  < b)  and [a, b) = (x E W 1 a  < x  < b) 

Note: an open interval excludes its end points, but contains al1 the points in between; in contrast a closed 
interval contains both its end points. It is trivial that [a, b] = (a, b)  u (a)  u (b) 

The two end points a and b are points in W . It is sometimes convenient to allow also the possibility 
a  = -a and b  = +a to express infinite intewals (also called unbounded intewals): 
( - m , b ) = b ~ W l x < b )  ( - m , b ] = { x ~ W l x < b }  ( a , + m ) = ( x ~ W l a < x )  [ a , - n ) = ( x e W ( a < x )  
"numbers smaller than b" "b and the smaller than b" "numbers greater than a" a and the greater than a 

N-: It is trivial that '3 = (- m,+m) 

We can represent intervals on the real line: 
- - - - . . - . - - --- - - - -  

1- l I 17 

(a ,  6) i3- 

1 .  a b 
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A fraction rnav be changed into a decimal number 

When we divide numerator by denominator we can obtain: 
- An integer number 

A terminating - d e d a l  m b e r  
.A -repeating .non-tem.i.mting deci.mal .niimber .(.reaming Qeci.ma1) 

Note: Suppose the fraction is irreducible. If denominator is factorized in prime factors and these prime factors 
are only numbers two andíor five, the outcome Gi l  be a whole nuniber or a terminating decimal number. 
m: Suppase the fia-cticm i s  i-rrectacibte. -If dm&atm i s  factorized imprime factors .and these prime f2ictm-S 
-are .numbers  tiy yo .an&/QT -five -as wel.1 .as .any o t -kr  .numbe.rs, $he outcome ~41.1 be.a mixed -recursive.decimai 
number. 
N-: Suppose the fraction is irreducible. If denominator is factorized in prime factors and these prime factors 
are numbers different from two or five, the outcome will be a repeating non-terminating decimal number with 

part digits - ~ being -- - recursive. - - - p- - - ~  - . ~ -  -- ~- 

%me decimal n m k s  mav be changed into fractbns -(.ratioml -numbers) - 
- -  - 

AIl rational numbers give decimal parts that eifher termlnate or recur. 

-A whole number 
Write down the number divided by 1 

-A terminating decimal number 
-Remove the -decimal point .md -use the  dec cima-1 m b e r  -m the mmrerator. 
The Qenrrrni.nator .is the .wrnber 1 f011owed by as  . m y  .zeros as  Qeciml p k s  .i.n the .mmber. 
Reduce the fraction. 

-A repeating non-temiinating decimal number (al1 the digits In the dec'imal part are recursive). 
-Count the numtre-r of .&@S that .are repeating -and write this powm -0fte-n 
.Multiply -the decha l  .nmber .by -i.t .and subtract .the oIrig.na.1 .nmber: .it -is -the .numerater 
Denominator = the power of 10 minus 1 

-A repeating non-terminating decimal number (there are no-repeating digits in the decimal part) 
'Courit 'the number of decimal digits and wri'te fhis power of ten 
Cowt  +he ñ m b e r  -of.digits 4hat are -not repeat.ing .and *+e 4his power -of -ten 
Multiply the decimal number by both powers and subtract: it is the numerator 
Denominator = the difference between both powers of 10 

'Some decimal numbers can not be changed into fractions {irrational numbers) 
The numkrs whose decimal part .continua ferrever with no paWrn are .i~~ational. They -can not -be 

changed -into -fraions. 

- Some irrational numbers are trascendental numbers like n: 

- . - -  - The swds;that are-t t e ~ i n a t i n g  - ntnnbers - -  -- are - &ational& -- - , , . -- 

l- -~ 
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EXERCISES 

1) Write a rational number and an irrational number between M and N in each case: 

b) M = 0.438 and N = 0.439 
C) M =o,% and N = o , E  

2) a) Locate the following numbers exactly on the real line: -2; 3,75; & ; 0,666 ... 
b) Locate the number 0 = 1.61 8... approximately on the real line. 

3) a) Write as an interval the set of numbers between 3 and 10 and represent it on the real line. 
b) Write as an interval the set of numbers between 1 and 7, both of them included, and 

represent it on the real line. 
c) Write as an interval the set of numbers between 2 and 2 1, number 21 included, and 

represent it on the real line. 
d) Write as an interval the set of numbers between -2 and 0, number -2 included and 

represent it on the real line. 
e) Represent the set [3,10] on the real line and define it (tell which real numbers are in it) 
f )  Represent the set (i,7] on the real line and define it (tell which real numbers are in it) 
g) Represent the set (3,101 on the real line and define it (tell which real numbers are in it) 
h) Represent the set ( 2 ~ 1 )  on the real line and define it (tell which real numbers are in it) 
k) Represent the set [3,10) on the real line and define it (tell which real numbers are in it) 
1) Represent the set [-2 ,O] on the real line and define it (tell which real numbers are in it) 
m) Represent the set (1,7) on the real line and define it (tell which real numbers are in it) 
n) Represent the set [1,7) on the real line and define it (tell which real numbers are in it) 
o) Represent the set [2,21) on the real line and define it (tell which real numbers are in it) 
p) Represent the set [2,21] on the real line and define it (tell which real numbers are in it) 
q) Represent the set (-2 ,O) on the real line and define it (tell which real numbers are in it) 
r) Represent the set (-2 ,o] on the real line and define it (tell which real numbers are in it) 

4) Change the following decimal numbers into fractions (cancelling as much as possible): 
0.0625 10.75 1 .O24 0.888 ... 1.3535 ... 0.02525 ... 

5) Order and locate on the real line the following numbers: 

6) Calculate and simpli@: 
4 3 5 -+--- 6 +-- 345 - - 
10 100 1000 10000 1000000 

7) Calculate and simpli@: 

- - 3 
a) + 0'0455 ...(1 - 0'45)s- = 

3 . 1 0 ~  -- - 
- - -- - -  

5 
- 

8) Which of theseare -ir-rat-hnal 
nurnbers? { 2 ?h, 0.9, -3,7~, f i  1 

- - .~~ ~ -- -~ - 
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Exmnential notation. 

- -Exponential notíttion .is a method -of witing -nmbers $hat have many zeros. 
- The basis of exponential notation is the .power of ten. 
- A number written in exponential notation has two parts. 

The first part is a real number 
'The second part is a power of ten. 
Examples: 1$6oofjoo = 156 x +o5 OV- e \ ~  f56 E5 

o,.ooo.08o.oo72 = 72 x l.@@ 0~ C~SC TLE-Io 

Scientific notation. 

Sciemrfic -notati.on -is -ameth-o'd of writing very large ~a-nd veq srna.11 numbers. 
T.he -basis a f  cck-ntific .notat.ion .is -t-he -power a f  -te.n. 

- A number written in scientific notation has two parts. 
The first part is a number between 1 and 10 called "mantissa". 
The second part is a power of ten. 
Examples: 15,653 = 1.5653 x lo4 d r &  4.5453&4 

.o..oooooooo72 = 7 2 40-9 rr Jrc >.LE-7 

- Converting numbers into scientific notation 
First move the decimal place so that only one integer is on the leí? side of the decimal. 
Then, following the number, write a multiplication sign. 
T h ,  the m b e r  -1.0 raised la the mmrber-ofp~aces ym moved the -decimal c m a .  
-1fthe .m&r .is .large,>he ex-pnent .is psitive, .i-f the .mrnber .is .sm11 the exponent is .rqative. - 

- - - .  - -- ~- -- - - -  - 

Calculators can deal with scientific notation by putting the calculator iRF 
scient$c nlode or by using the button. ( ~ r  Lvq 

Foget 3.1 x 1 0 ~ - , ~ r e s s ~  m * m 
To get 5.38 x lo-', press (II h .- f? - m 

This appears as 6.4" on your screen. You have to understand that this is the 
calculatorb way of writing 6.4 x lo8. (It does not mean 6.48 !) 
- - - - 
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EXERCISES 

9 )  al The mass of the electron is 0.000 000 000 000 000 000 000 000 91 Kg. approximately. 
Write this quantity in exponential notation. 

) Andromeda constelation is two million light-year far from Earth. 
Calculate that distance in Km and write it in scientific notation. 

y You have more than fourteen thousand million of neurons in your brain. 
Write this number in scientific notation. 
-- ~- - - - - - - - - - - - - - - -~ - - - - -- -- - - 

10) Here are six numbers from science. 
Write them ln  scientific notation: 
ti) The'iiürnbet of years since'fhe 

extinction of dinosaurs: 
64 O00 000 

(ii) The speed of a dropped stone 
after three seconds (in metres per 1 
second): 29.43 

(iii) The melting point of diamond 
(in degrees Celsius): 3300 

(iv) The speed of sound in kmk:  1190 

(v) The speed of light (in mis): 

300 O00 O00 1 
(vi) The diameter of the Earth 

(in metres): 12 756 000 
- - 

I 1) FVrite these in. the form- a x  1-0'' - 
where 1 5 a <. 10 aod. n E 7,:. 

(i) 2600 (ii) 0.034 

(iii) 51 0.00 (iv) 0.005 

(v) 610 (vi) 0.0002 

:vii) 0.523 (viii) 520 .OO.O 

(ix) 0.000 O00 046 

(x). 23 OOO.OOO=_ - -...A- - 
- 

12)'Write each of these as a decimal 
- . .- 

number: 
( g ~ . r x l . u ~  (3 8 . 1 4 ~ 1 0 ~  

[iii) 9;7 x (iv-) 1.7 X. 1.0-~ 

(v) 2 . 8 5 . ~  1.0-1 (vi.) 7.74 X 1 . 0 ~  

'yii) 6 X. 10-S (viii) 1 X. 

'ix) 4 x _ l O - '  (x) A----- 2.5 x l o 4  
13)Evaiwte- each. of these añb give the. 

(v) 5.6 x 10' + 4.8 x M) (2 X 10') ~ ( 3 . 1  x -lo3) 
answer h. scientific notation: (vi) 3.8 x l o 4  -5  x -lo3 Nii) (1.5 x l o4 )  x (4 x lo2)  
(i) 4...1 X lo3 + 3.5 X 10' .(vii) 2.3 x l o 2  -.9 x 1.0' 6%) (2.5 . lo2)  . (3 . lo7)  
(ii) 1.9 X l o 4  - 4.5 X lo '  3 2 (viii) -6 x .1.0 -6 x giv) ( 3 .  l o2 )  x ( 4 .  l o 5 )  
(iii) (2  x l o 3 )  x (3 x lo4)  .(ix) -5.4.~ .lo2 + 45.x .lo (iy) (5. l o 2 )  x (3.2 . lo6)  

5.1 x 10' (x) 1 x l o 5  - 2 x l o 4  
- - - - -. - - .- 

&ti) (2.1 . lo5 )  . (6.1 . 10') 
(iv) j x 10" .- - . - - - - -. - 

- -  - - - 63 - 
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14) 
Evaluate the following and give vour 
answer in scientific notation: 

4 x 1.06 (iv) - 
8 x lo2 

__ - - -- -. - - -  --. ~ - 

15) Evaluate these in scientific notation: 
- - -  

(i)- 6.4 x + 923 x 10" 

(ii) 5.x 1.0:' - 8.x 

(iii) (2.1 x 

3 x 105 
(iv) - 

5 x 10-3 

16) Wrife these in-theform .a x lo", 
- 

where 1 5 .a < -1 O and .n E .N : 

17) Find the value of n if 

66 
0.011. = 6 x lo1'.. 

8 x lon, where n E Z. 

cj  Eind the vailie o£ n if 

0.055. - -  
80 - 7 x 10 ", where n E Z. 

answer in scientific notatioi 

F/ Evaluate - and wiite p 
0.005 

answer in scientific notatioi 

8 Add -1 438275 + 10.6 1725 al 
1 your answer in the forrn a .  

where 1 l a <  -- 10, n~ N. 

where- I a.< 1-0. and- n. E Z. 
- ~ - 
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Accuracv 
When expressing a number with respect to a fixed number of decimal places we are really deciding on 

the accuracy to which we want to work. One often uses the shorthand 'expressed to nD' to emphasise that a 
number has been expressed to n decimal places. 
Examples: expressed to 5 decimal places (expressed to 5D) 12.50913 94,267.60992 0.00043 

expressed to 3 decimal places (expressed to 3D): 3.142 2.718 0.577 

Significant figures 
Reading fiom the left the first non zero digit is the most significant and will be called the first significant 

digit. The digit to the right of the first significant digit is the second significant digit and so on. 
If we represent a number to n significant digits we say it is 'displayed to nS' 
Examples: expressed to 5 significant digits (expressed to 5s) 123.45 0.000032004 12.002 

expressed to 3 significant digits (expressed to 3s) 0.000305 123000 1 .O6 

Approximation 
Often we wish to rewrite a number with less significant digits. There are two methods to do this. 

- Chopping (one simply discards the superfiuous digits) 
Examples: 163.190385 + 163.1903 - 34.978992 + - 34.9789 0.000299 + 0.0002 

Rounding (we first chop the number at nD; if the digit following the 1 s t  significant digit was 5 or 
higher, we increase the last significant digit in one unit) 
Examples: 163.190385 -+ 163.1904 - 34.978992 + - 34.9790 0.000299 -+ 0.0003 

26.288359 -+ 26.2884 26.288459 + 26.2885 

Error 
When one has to deal with numbers which have been rounded, we keep note of the error involved. 

Actual absolute error 
Given some number X and its approximation x the actual absolute error is: E = 1 X - x 1 
The maximal absolute error for a number given to n decimal places (to nD) is 0.5x10* 
It is the maximal error bound. 

Example: If we use 3.14 159 as a decimal approximation of x, the actual absolute error is 1 n - 3.14 159 1 . 
It is less than 0.000005 so this is the maximal error bound. 

Actual relative error 

Given some number X and its approximation x the actual relative error is: 

The maximal relative error for a number given to n decimal places (to nD) is: 
0 . 5 ~  lo-" 

1x1 
It is the maximal relative error bound 

Examples: 1) An absolute error of 0.5 is not very important if the number is X = 62,500 
But it is very high if the number is X = -2 
The relatives errors would be 0.000008 in the first approximation and 0.25 in the second. 

2) If we use 3.141 59 as a decimal approximation of x 

The relative error would be less than 
0.000005 , so less than 1 . 5 9 2 ~ 1 0 ~  = 0.000001592 

- --- - .  ~ - -  - -. --. - - -- - -. - - - 32!4159- _ -  -~ - - -. 
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EXERCISES 

18) a) Express to a sensible number of significant digits: 
The number of visitors to an arts exhibition is 1,345,589 people. 
The number of participants in a demostration against pollution is 1,345,589 people. 
The number of bacteria living in 1 dm3 of culture liquid is 203,305,123 bacteria 
The number of water drops that are there in a water pool is 8,249,327,74 1 drops 
The number of grains that are there in a sack of sand is 2,937,248 grains 

b) Calculate the maximal error bound and the -- maximal - relative - error bound of - the previous- - 

approximations 
- - -  

.. . . 

19) a) B£ is worth $2.í32, find the value d) If a car uses up 0.077 litres of petrol 
- - of $l correct- to themíírestewo c m t  in travelling 1 km, how many 

kilometres per litre does this car 
b) If €1 is worth 8.3624 Hong Kong travel- (to the nearest kilometre)?. 

dollars, find the value of 1 Hong Kong 

dou'ar, to the nearest euro-cent. e) If 1 pound = 2.2 kilograms what is 
- -  - - 1 kilogram equal to in pounds? Give 

c) If 1 Canadian dollar is worth your answer correct to three dechal  
- £0.6173, find the value of €1 in 

places. ~ ~ - ~- - 

Canadian doliars (correct to two 
decimal- places). 
. - - .- - -- - 

- - - 
*O) a) Find, correct to two decimal places ' I i 1 d) Evaluate -7 correct to four 

-- 1 I 3.3- - -- 
decimal vlaces. 

b) Find, correct to three decimal places 
e) 

Calculate, correct to two decimal I 

c) Find, correct to three decimal places I 

f) Evaluate - 
1 

-- f i 6 .  
3.5 + 3.034 

21) Copy and complete the following table,.giving the true answer correct to four 

decimal places. 

Question Approximation Approximate answer True answer 
-- - -  - 

(iii) -!- 
-4.232 _ . . . . . .~ A . . . - - . . . -- ..... .. . . .--- - - -- . 

(iv) -J.- 
- 8.039- - ~. 
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your answer off to the nearest 
liundred 

- - -- 

correct to 4 decimal'places. 

b) If x = 7 and y = 24, evaluate 

C) Evaluate corred to one decimal 

1 
place /x2  + ; if x = 0.74r2.. 

d) Evaluate (correct to two decimal 
- -  - 

3 
e) If y = L.U-1.1, evaluate 2.y t. 5 y 
- - correct- te- two- decimal- 1 

_ _ _ _  -. - -  - 
- 

- 

0 If x = 8.32 , eualuate (correct to. the I 
- - 1. 

nearest whole number) ; + & 1 
.- - -+ 

to g) If y = Z472, evaluate -2- 
I 

. - 

lecimal p three d 
- - 

laces. 

O " ,  

where O <  a <  10 a 

writing a correct to n a l  

places. 
(ii) The mass of theEar [ O 2 '  

kilograms, which is ' S  

greater than the mass or the 

Moon. 

nd ~ E Z ,  

two decii 

Find-the mass of the Moon in thc 

form a x 10" where 10, 

n E 2, and a is writte 

1 h) Evaluate - + p 2  + fi correct to one 1 
P l 

- 

decimal place, if p = 2.532. I 

. ~ ~ -  ~..-~ 

decimal places, if x = 4.855. 

-1 j) Tf y = 3.692 evaluate - 
-- 

four decimal places. 

k) If x = 44.72, find Y /  - - - correct 
-- 

-to .four decimal places. l I 
i 

1) Evaluate dk + & + z2 

-- - - 
(correa to  w o  .decima-1 places.) if 

x = 2 . 4 7 8 . ~  TO-.l, y = 4 . 4 1 ~  1'02 . 

and z = 1.779. 

m) If p = 0.8756, evaluate (p-' + p'12) 

--- -- correct to three decimal places. 
-- - - - -- - 

two decimal places. 
~- ~ .- - 

- 67 - 
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- - - 

25) a) (i) By writing each-m~mber b) (i) By writing each nurn .ect 

to the nearest whole nun - - - - to the nearest intege~ te 

estimate the value of n w -the vahe of p where 

ber cori 
; estima 

showing each ste] 
(íi) Evaluate n correc 

(ii) Evaluate p, correct 
decimal places, usi~ 

.pla oiiia U calculator. 
- - - - - - - - 

~calculator. 

c) (i) By writing each nurnber to the 
nearest whole number, estimate 
the value of k > O, where 

(ii) Evaluate k correct to three 
deeimal.places, using a 
calculator. 

- - - -. . . - - 

I 
1 d) (i) By writing eacli number to the i 

26) a) i f x 2 - -  = z2 - 

Y nearest whole nurnber, estimate 

(where'x, yand =.are positive): 1 thevalue-of t where 

(i) write x  in terms of y and z. 
= --+ 5 . 0 6 ~ ~ ~ .  

(ii) evaluate x, correct to one decimal 5.89 _ - - - 
1 

- - - - 

place, if y = 2.222 x and 
z = 3.333. 

b) If x( Jy - y2) = 1 ,  evaluate x 
~ - 

l 
l correct to two decimal places when 

y = 0.4874. 
~ - - - - - - - - 

C) If a3 + b2 = - , evaluate b correct J: 
to 'two decimal places, when b >-O, 

a = 0i91.65 and c = '0.5( 
. . - -  ~ 

(ii) Deduce an estimate for y if 
2yZ = t and y > 0. 

(iii) Find the value of y, correct to 
four decimal- pl-aces if 

e) (i) If x? = J-O + 5 z ,  
express y in terms of x anb z, 

given that they are alk positive 
R U ~ ~ X F S .  

(ii.). Evaluate y correct to. M.O. 

significant figures if x = 12.918 

and z  = 2 5 . 1 0 6 .  - -- 
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Power -mies 

- Exponents or Ipowers' are a .process of repeated multiplication. 
- Exponents are normally witten in the form ab, where 'a' is the base and 'b' is the exponent. 
- We pronounce ab as 'ato the power of b' or 'a to the b' or 'a exponent b'. 

When calculating with 'powers' use the following rules: 
1 a = a  Exponent of an exponent 
.o . a =1 = a  'b.c 

Same .base 
b =&b+" 

Same exponent 

Negative .expment S 

root of a number 

The expression "& ("nth root of a") means. a number such that raised to the nfi power equals "a" 

-I"Ja=RoR"=al 
"a7' is called the rooted 
"n" is called the index (when index is 2, it does not have to be written) 
$ is the radical bar 

Examples: m = 2 because 25 = 32 

4J81=3 because 34 = 81 

= -5 because (- 5y = -125 

m = 4 because 43 = 64 

4 5 6 = 1 0  because d o 2  = lo0  
note: a 2-index root is called "square root" 

a 3-index root is called "cube root" 
a 4-index root is called "fourth root", a 5-index root is called "fifth root", and so on. 

Swds 
A surd is and expression involving roots. 
Sometimes it is useful to work with them, rather than using an approximate decimal value. Surds can be 

manipulated just like algebraic expressions. 
When aslced to give the exact value, approximate decimal answers will not do and you will have 'to 

manipulate surds .in erder -to @ve a final m w e r  in simpl-ified smd fom.  
Example: G-m = 1.3 3607.2.3.795 1 = 2.99999 -is .not -exact 

4 & . 4 2 / 2 7 4 m = f i = 3  i s  cxact 

Surds as indices 

A ifi root can b e  wiitten as an exponent: I/ "& = a "' 
The I á ~ s  of fndices atso applyto any n'h root. We can use These laws to  m-&iipul8te sutas. 

-P - 

note: a as well - - - - -~ ~p - - -- - - _ _ - ___---~- 

- 69 - 
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P - 1 - 

1. " ' = . J ; ;  as n @ = a f ~ ~  =G 
Uses 

e Simplifi radicals. For example: @ = @ = 45 
e Change surds to have the same index. For example to compare 3J586with J?O : 
'm = 6J5862 = , JjO = $6 = therefore, > J?O 

, '1 '1 - - 
2. n J a b = ; l a . n &  m q x l = ( a . b ) ñ  = a .  - b n  =;la.$ 

Uses 
e Take a factor out of the radical. For example: f i  = f i  = f i  = 3& 
e Write two radicals under the same radical bar. For example: h? JZÓ = 4- = f i  

Uses - 
e Together with niles number 1 and 2 this nile aIlows to wfite surds products and quotients under the 

same radical bar. For exarnple: 

6. Two di'fferent surds can not be added unless you calculate their decimal approximations. Only alike 
.mds  .can .be added. 
cases 
e For emmple : + & r f i  + 3& can mly .he .solved by approx.i.mat-ion or .they 
should remain unsolved. 
e 7& + 1 l& - & certainly can be simplified to 17& 
e Sometimes thepossibility that a surds addition can be simplified is hidden. For example: 

& + J i s + " J 2 5 0 0 = f l + . i 2 . 3 2 + ~ ~ = i h + 3 h + 5 J 2 = i 0 h  

7. Rationalising the denominator. Sometimes it is useful to get rid of surds from the bottom of a fraction. 
To do so, youhave to multlplyboth numerator and denomlnatorby a suitalile expresion. 

, , 

Notes: -1 - - - - - i ( & + & ) - ( & - J h ) = a - h l F l  
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EXERCISES 

27) 
Write x$x as xq where q e Q. 

. .  . ~- 
28) Wpite.each.of these in 

- - .+he form aq where 

q E  Q: 
1 

(vi) - 
ar 

al'l x o7 
(vii) - 

a- 

29) Write each of these as xP , where 
-- 

P E  Q. 

~ . . ~ ~ x J X ) 3  (vi) JX~JX 

@ (viii) 0 

30) Wnte each of these as x P  , where p E Q : 

31) a)Write8& 
-- 

- in the form 2" where n E Q. 

27 d. b) Write 

e) Write ,/m in the form kxPy4 

where k, p, q E Q. 

f) Write 
125% x 5* 

~- 25% h. 
in the form 3P where p E Q. Irt t1te.fmi-n SF, where- p-E Q; 

4Ji C) Write - 
3 2. 

1n the form 2q' where q E Q. 
in the form 7" where n E Q. 

49 J? d) Write - g) Evaluate tkfollowirig and. write+t k- 
- .  .3J? .- 64%. x. 8%. 

the form 2" : 
in t h e f o ~ m ~ P w h e r e _ p ~ _ Q .  - - - (b)? - X 4-3h - ~ -  
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32) Evaluate the following: 
- - -  - - .- 

33) Evaluate the 'fóíloWing: 
9. 3-' 

1. 9;'" 

34) Put <, = or > between each pair. 
. - 

(i) 3". . 4 '  

(i;) P . . .  4' 

(Si) 8 1  Ih . .  . (25" + 25") 

(iv) (32 + 4 3  . . . 5  
2 

2'12 
6 (viii) 7 . . . 2 

m 

(ix) lo0 ... o 
(x) 7 ~ 7 ~ . . . 7  4 
-- - - -- - 

(v) S I . . .  l 5  

vi) O'. . .  7' ( - - -  7 -  p. -- 

x6 (ii) x3 = - 
x2 
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36) If x = 16 and y = 9- investigate. 
- - X ' / ~ + y M  = (X + y)Ih 

-- -- -. - -  -- 

37) Write these as surds: 

39) a) fid x and y if 3% + Y = 9- and. 
- - -  

- 

2X-Y = 16. 

b) Find x aJld y if gX = 27 and 

40) ~ ~ 

a) Solve the simultaneous equatlons: 

b) Solve the simultaneous equations: 

k e - e v d u a t e  ( xlh - yIh) ( x" + y") 

when x = 7  and y = 3 .  - 
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42) Evaluate: 
- - 

(i) J144 
( i i )  2 K 9  

(ii i)  m0 

(iv)  5m0 

43) Reduce these surds: 

44) Take as many factor~ as possible out of the following: 

a) V32x4= - - - -- - b) - iliGE= - - -  
- - -  

c) m= 
- - 

- ~ 

45) Reduce these surds: 
~ ~ 

(iii) 5 3  

( i )  50 ( iv)  ,,/Z 
(i i )  J200 (v) $S 

46) Simplify each of these as much as possible: a) Ji8 + & - f i  - J8 = b)&-&= 

47) Simplify each of these as much as 
- - - possible: 

<i,. 6 7  - & [vi> $S-+ JS 

(ii) J24 + (Yii) J32 + 50 
(ii i)  J98 - 5 2  (Yiii) m0 - J% 

(iv) J2t, + 2 6 3  - Jj Cix) 2/S + 50- 
(v) 3444- 5 9  ($ &0+2/?0-J160 

J9 49) Simplify: a) - = 
~- ~ 3& 

50) Simplify: 
- - 

(i) (2$3)(5&) 
(vi) 2&3& - 1 )  

(ii) (&)<A) ( ~ i i )  J?<3J2 . - - - - - - - 5h) 
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- - 
51) a) ~ i r n ~ l i f y ( J 8 - i ) t J z + 3 )  
- - 

) Simplify 
( 3  + &)(3- J5) 

2 

52) State if these are true or false: 

( i> J?+fi = KO 
(ii) ( f i ) ( J 3 )  = 6 3  

(iii) 6 4  - ,& = f i  
J14 (iv) - = $7 
f i  

53) Put <, > or = in each of the gaps: 
-- 

( i , & x . J  .... ,& 
i i  O LO .... 

( i i i )  f i6.+ h. JT6+g 

(iv) $3 + &2. .... f i 7  

(4 ~ ~- % - ..*..- @-- - --- - - .  

(4 m . VE%% 
6') fi.... G - -- 

- -~ . -- 

5 
54) Rationalise: a) - 

3 

. ~- .~ -~ - - -  J Z -  - .~ 

55) Write (& + 2)* in the form 
- -  a +  b h ,  where a,  EN. 

- - -  - - - 

-b _+ Jb2 - 4 a c  56) a) Use the formula 2a te. 
. - 

find the roots of x2 - 4 x  + 1 = O in 

the form a f ,/%, where a, I7 E N. 

b) Flnd the roots of x2 - 2x - 6 = O- in  
-- tite f m  a. f Jb where a, b- E 2. 

-- 

c) (i) Find the roots of 
- -  ~ 

x2-- 6 x  + 7 = O in the form 
a 2 Jb, where a, b-E 2. 

(ii) Find the-sum- of the two.roots. 

(iii.). Find the product of the two 

. -- root .. . - - -- ~- 
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--__- 
57) Use Pythagoras' Theorem to find 

the value of x in the diagram. 

- 

58) a) The area of a rquare is 200 m2. Find 
- the length of each side, corred to the 

nearest centimetre. 

b) The area of a square fi 
50 000 rn2. Find the le: 
side, correct to the ne: 

eld is 
ngth of e: 
irest meti 

ich 
.e. 

(Take square roots cc 
-decimal places:) 

b), If K = 75.35, invest 
- ./2K = ~ J K .  

igate if 

.A L - (Take square roots correcr ro rwo 
deiimal places.) 

- 
C) If a = 1369 and b -- 1 ~ 7 ~ .  

- - 

(i) find the values of nd 
Ja-b . 

(ii) show that Ja-b 3 
-- d) Given thafx- 256, 

- - (i) findthevdue.of Jx, Jy, 4 x T Y  
(ii) investigate if sy = ,& + ,cj 

e) Giventhat x = 21.46, y = 33.12, 

- (i) 5n-d (correct to 3 decimal placesj 
the vatues of $x, $y,K 

(ii) investigate if -Gy = + 
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60) Factorise the rooted and evaluate: 

a) b) J441 c> JIoZ4 d ) V Z  e) o f i  g)GG¿j  h)~lOOOO 

i) k) m i)VTG&% rn)'$'EZ n ) m  o)JO;O4 p)Jj;44 q) J0'0009 

61 ) Evaluate: 

62) Evaluate: - - - - 

63)simpli@ the following: 

a) 6&-4&+5f i  

64) Simplify the following: - - - - - -  

65) ~ e d u c e  the following: 

a) V3 b) f l  c> 0 d> Jbir e) d27a6 
f)Ju6 g) vi¿z h) ~162000 i ) d 8 1 - a 6 - b 5 - c 8  k ) ' m  

1) &E m) JZZ n) JVs íí) [Jq2 
66) Rationalise and simplifi: 
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