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LESSON 1 Equations and inequalities 

Variable expressions 

¡ A variable expression consists of some numbers and letters joined by operations. The letters are called 
variables and they represent unknown quantities. 

The numerical value of a variable expression is obtained by substituting actual numerical values for 
variables (that is "plugging in" nurnbers for the variables). 

Examples: Evaluate 9y + 5 when y = 2 9.2 + 5 = 23 the numerical value is 23 
12 

Evaluate 4xz + - when x = 3 and z = - 2 
12 

4.3-(-2)+-=-24+4=-20 itis-20. 
X 3 

Variable expressions are written for calculations involving quantities that can vary. Algebra is a 
language that uses variable expressions; the sentences of a problem must be transtaled into this language. 

Examples: A number *--*--*-* ------- * X 

'I"he double of a Immber 2x 
, Three added to the square of a number - - - - - - - - -  3 + x2 
l 1 

. - . - - - . 
Equations, identities, solutions 

An equation (or conditional equation) is a mathematical statement that two variable expressions are 
equal. It consists of two expressions joined by the equals sign "=". 

The values that the variables have when the equation is true are called the solutions of the equation (or 

1 rOOts). An identity (identical equation or true equation) is an equality that states a fact. It is an equation 
which is true for al1 values of the variables. 

Examples: 2 + x = 5 x2= 81 3' = 243 2x = 6 are equations 
x = 3 is the solution of the equation 2 + x = 5 
x+9 = 9+x is an identity or "true equation" 
(y + 2) = Y2 + 4 + 4y is another identity 

The part to the lef3 of the equality sign is called the left member or first member; the part to the right is 
the right member or second member. 

-- 

A dependent equation is that with a non-finite set of solutions. 

An inconsistent eqiiation is that without any solution. 

An identity (identical equation or true equation) is an equation which is true for al1 values of the 
1 - variables. 

- - - -- -- --- - 
~ - -- -~ ~ - 

Solving equations and rearrannina formulae 

The guess-and-check method (or trial and error method) is trying out different values of "x" until 
you get one that works. Alternatively you might reason a suitable value for "x" intuitively, following the clue 
the equation gives). 

The balance method: when an equation is not so simple it must be rearranged using algebra rules to 
find an equation which has "x" on its own on one side of an equals sign with a number on the other side. 



LESSON 1 Equations and inequalities 

Properties of the equalities Prouerties of adition and ~roduct 

a + b = b + a  conmutative 
a - b  = b - a  conmutative 
a  + (b + c)  = (a + b) + c  associative 
a - ( b . c ) = ( a . b ) . c  associative 
a - ( b + c ) = a . b + a . c  distributive 

Algebra rules 

To move a term from one side of the equals sign to the other, you have to do the same thing on both 
sides of the equals sign ("change the side, change the sign"). 

Multiplication distributes over addition or subtraction to multiply out brackets. 
Division of equal quantities by the same number produces equal amounts. 
You have to first make sure al1 of the variables are on the same side and then you have to collect like 

terms. 

These simple steps allow to solve first-degree equations 
-Multiply out any brackets 
-Get everything off the bottom by changing al1 terms of both sides to have the same 

denominator. After that, cornrnon denominator can be erased. 
-Collect those terms with an "x" in (subject terms) on one side of the "=" and al1 the others on 

the ther side, reversing the +/- sign if a term crosses the "=". 
-Combine like terms on each side of the equation, and reduce it to the form "Ax = B". 
-Slide "A" underneath the "B" and divide. 

Examples: 



LESSON 1  Equations and inequalities 

With them it is also posiible to change the subject of the equation or formula, when two or more 
variables appear (rearranging formulae). 

Example: 
4a(x2 + b) 

Y =  

3y-4ab 
= x  

4a 
3y - 4ab 

finally square root both sides 
- -  - -- 

--- 

Algebra d e s  are based on properties, but we apply them without being aware of it. 

Examples: 

(2x-3)' +(x-2)' =3(x+1)+5x(x-1) 
we use squared brackets and distributive property 
4x2 -12x+9+x2  -4x+4=3x+3+5x2  -5x 
we addsubstract to both members the same quantities 
4x2 -12x+9+x2  - 4 x + 4 - 3 x - 3 - 5 x 2  +5x=O 
we use now conmutative property 
4x2 + x 2  -5x2  -12x -4x -3x+5x+9+4 -3=0  
we use now associative and distributive properties 
0x2 -14x+10=0 
any number multiplied by zero gives zero 
- 1 4 ~ + 1 0  = O 
we add to both members the same quantity 14x 
10 = 14x 
we divide both members by 14 

that is 

we multiply both members by the same quantities 

we apply distributive property 
( x - lXx+ l ) x  (x- lXx+1)2x + =(x-lXx+1)3 

x-1  x  + 1  
we cancel a common factor up and down 
(x + 1)x + (X  - 1)2x =(x - 1Xx + 1)3 
we use quadratics 
( x+ l )x+ (x - l )2x=(x2  - 1 )  
we apply distributive property 
x2 + x + 2 x 2  -2x=3x2  - 3  
we addsubstract to both members the same quantities 
x2  + x + 2 x 2  -2x -3x2  + 3 = 0  
we use conmutative property 
x2  +2x2  -3x2 + x - 2 x + 3 = 0  
we use now associative and distributive properties 
0x2 - x + 3 = 0  
any number multiplied by zero gives zero 
- x_+_3=0 _ - - - - - - -- - -- 
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Quadratic equations 

A quadratic equation is a second-degree equation, and can be arranged in the form 

(a,b,c are al1 constants). 

We might solve them by completing the square, but it would not be so easy and direct as using the 
following methods. 

- b f J b 2  - 4 a c  
The solutions or roots can be always obtained by using the quadratic formula: x  = 

2 a  
The rooted of the above expression, the quantity b2  - 4ac is called discriminant. It is an indication of 

the solubility: 
-When discriminant is positive there are two dífferent solutions 
-When discriminant is zero there is a single solution 
-When discriminant is negative the equation does not have any (real) solution 

Examples: 4 x 2  - 4 x  + 1 = O ,  x  = 
- ( - 4 ) 1 d ( - 4 ~ - 4 . 4 . 1  - - 4 f  1/= 4 1 0  4  1 - 

8  - 8 - 2  
a root 

2 . 4  8  

- ( - 6 ) f , / m  6 f J m  6 f f i  
x 2  - 6 x + 1 0 = 0 ,  x =  - - - - no roots 

2 . 1  2  2  

- - 1 - 1 - 4 - 1 2  1 l f  & l f  3 
x =  - - ----- - - - two roots 

2 . ( - 1 )  - 2  - 2  - 2  - 1 

m: When discnminant is negative the equation does not have any real solution. But when compiex 
numbers are studied, - -  it can - be - explained that the equation - has two roots that are complex - numbers. - - -  - - - 

Special cases 

Some kinds of quadratic equations can be solved without using the quadratic formula: 

ax2 + b x = 0  -Factorization is suitable to solve equations like (equations lacking constant term) 
a#O 

ax2 + c = o  -1t is possible to rearrange equations like (equations lacking first degree term) 
a#O 

x = o  
Examples: x  + 2 x 2  = 0 ,  x(1+ 2 x ) =  0  1 

1 + 2 x = o , 1 = 2 x , x = -  
2 



LESSON 1 
Equations and inequalities 

EXERCISES 

1) Solve the following quadratic - equations - without using the quadratic - formula: 
- - - - 

2) -- Solve -- the followjng - quadratic equations: 
~ - - -- - 

a) (.Y + 1)2 - 3x = 3 

b) (2x+ 1)2 = 1 + ( x -  I ) (x+ 1) 

3) Rearrange, simplik calculate the discriminant and say how many solutions do these 
- - - ~ - - - ~- - ~-~~ -~ -- -- 

equations - have: 
- -  - - - 

4) Explain the reason why a quadratic h c t i o n  graph can cross the x-axis at two points, 
or else touch it at one point, or have no intersection with it at any point. 

- - - - -- 
- 

-- 

5 )  Prove that the quadratic formula gives solution for a quadratic equation by 
plugging the formula into the equation and rearranging 
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Factorising 2"* demee ~olynomials 

If a and p are the solutions of m' + bx + c = O , then we can factorise m' + bx + c in this way: 
a x 2  + b x + c = a ( x - a x x - p )  

1 
Example: the solutions of 4 x 2  - 10x - 6  = O  are - - and 3  (use the quadratic formula) 

2 

so we can write 4 x 2  -10x -6  = 4 ( x - 3  x+ -  i( 3 

Geometic meaning of the solutions of a quadratic equation 
- -. 

- - 

It's good to be able to picture what this means: 

t is just when y = O, so it's where the graph touches or crosses the x-axis. 

b2 -4ac = O 
Two roots root No roots 

So the graph crosses the x-axis The graph just tc e x-axis The graph doesn't touch 
' vice and these are the roots: from above (or írom below if the the x-axis at all. 

x2 coefficient is  negative). 

Find the range of values of k for which: a) f(x)=O has 2 distinct roots, b) f(x)=O has 1 root, 
___A 

C) f(x) has no real roots, where f (s) = 3x2 + 2 x  + k . 

irst of all, work out what the discriminant is: = 22 - 4 3 i - - T t c ~ e  ca!colaton5 a-e ehit5'y :he same 'thi d9rl.t '. 
re& t o d o  tkem ifygu've done a) because the & - 

= 4 - 1.2,: ~ I Y P - E P C ~  IF t i e  eqlislity 5yn1k~l. 

-*--- -- -- - 
! a) T\IIC) distinct roots rneans: : b) Une root rneans: c) N o  roots means: 

< 
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Provinn that the quadratic formula nives the solutions of the quadratic equation 

By "completing the square" 
~~. - - ~~ 

Say vou've got a quadratic equationin-standard form ... k L + h . r + c = O  ... and you need to find x. 

The first thing to do is  : , .:, ,:. .;.:,!ys:. G :  . : ;  t.,;.:.. 

\.. , ' , ., % , , , ; t .  

ax2 + h.x + c = 0 '- Take a common factor of 'a' out  of t;hé 5 
f i ~ t  two terms - then it's easier to - 

, , . . . . . , , . + C = 0 see how tu complete the square. 
. What you're trying tu do is find x , .  ; I 5, ., ., ., 

: - get it on i t5  own on one side. : 2 
a x+-- - b 2 + C = 0  1 ( l a )  40 

This is much better, because there's only one x now - so you can !l , . . , -*- . . : , ; r ,  : i !  . , .  I . ;~ .? . : ; . ,  and find what x actually is. 

-4ac . . .  . , ' I .  > , ,  

T a O  \ Take the last i u o  b k n s  over tu *-- 

. Divide b A h  the riaht-hand side. and then add - 
sides by a. 

- 
;, them together as íractions. . 

2 . ;  / . .  , , . ' .  

Now the right-hand side could be negative, zero or 
positive - it al1 depends on a, b and c. 

x - b%% . . ' . .  , , : , : , .  2a 
And this is the quadratic - -- ~ .~. - formula tha t  you've come --  

.. J ,. = . - * .  . 1 r ,  - to know and love. -. , , 7 . .  1 ', . 2< 1 

. -- - - -  - - - -- - - -~ - - - - - - 
- - -__ - -- 
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Solving equations by means of a substitution 
Tmmple 1 

- - - 
l -  2 - 15 = O and hence solve (2)1+ 1)2- 2(2X+ 1) - 15 = O 

""" ;i d 

Now, the second equation is exactly the same as the first, except that x has changed 
its name to (2X+ 1).  In other words, x has been replaced everywhere by (2X + 1).  

igly, we change x to (2X+ 1) in the answer as well and solve for t. 

x4+3x2+6=0  2sin2 t -3sint-2 = O 
Arrrgh. How on earth are you supposed to solve something like ... it looks hard 
that? Well the answer is ... with great difficulty - that's if  you 
don't spot that you can tu rn  it inyo quadratic form like thisi 2(sint)' -3(sint) -2=0 

(x2)' + 3(.y2) + 6 = O ... still looks hard !, 
It still looks weird. But, if those x2's were y's: 

j ~ * + 3 ~ + 6 = 0  
... looks easy. 

Now it's a just a simple quadratic that you could solve in your 
-A.y 

sleep - or the exam, which would probably be more useful. 
- - - -  - - - -- 

Ouartic biquadratic equatlons 
A quartic equation (biquadratic equation) can be arranged to have the expression: ar4 + bx2 + c = 0 .  
By substituting x2 = t our equation tums to a quadratic equation, whose solutions are easily found using 

the quadratic formula; afienvards, the value of "x" can be got by extracting their roots. 
Example: x4 -10x2 + 9 = 0  



LESSON 1 Equations and inequalities 

I: 

.~ . -- . .--. 

t i t  in the torni: ,:!..ii:r!~~iiiir~l.,i' + hcsaine thinsi t- (nunil~eri = O. 

Now substiticte x3 for y to make it like a normal quadratic. 

And solve this quadratic to find the values of y. 
A 

Now you've got the values of y, you can get the values of x. 

v =  I, or 5 but ... . 
2 This comes 

2 '. = from stage 2. 

Wliich means ... 

- 
1) Puf the equation in the 

2) m-7 - - y for the something in 
t f l e  brac!<~% to get a normal-looking 
quadratic. 

3) m the quadratic in the usual 
way - ¡.e. by factorising or using the 
quadratic formula. 

4) Stick your answers in the substitution 
equation to get the values for the m unknown. 

, I 8 r 

SO the answer is  ... .\ =- . 1 -  or \ 1  

i .1 
- .- - - 

The "zero" rule 

This fact helps us to solve equations in the form of a product of severa1 factors equal to zero. 
A(x) -  ~ ( x ) .  c(x)- ... = O 

We must solve each factor's equation 
~ ( x )  = O C (X)  = O 

- -  .- - - 

~ ( x )  = O 
. ~ - -. -- 
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EXERCISES 

6) Solve with a substitution: 
(3. - q4 = O (x+ 5)' = l  ( 3 ~ - 2 ) ~  =16 (4 - 3x)' = 25 

.- - . - - - - - - - -  -. - - . -- - - 

7) Solve: 
- -  - - - 

a ) x 4 - 5 x 2 - 3 6 7 0  b ) x 4 - 4 x 2 + 3 = 0  

c) 25x4 - 26x2 + 1 = O d) x 4  - 81 = O 

e ) x 4 - 9 x 2 = 0  f ) 9 x 4 -  10x2 + 1 = O  

8) Solve applying the "zero" rule: 
-- - 

a ) ( x + 3 ) ( x 2 - 4 ) = 0  b ) ( x - 5 ) ( x 2 + 4 ) = 0  
c ) x ( x - 1 ) ( 2 x - 3 ) = O  d ) 3 ~ ' ( x + 1 ) ~ = 0  

. - -  

9) Factorise first and solve then: 

a ) x 3 - 3 x 2 + 2 x = 0  b ) ~ - 3 + 2 ~ 2 - ~ - 2 = 0  
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radical 

Radical equations 
A radical equation contains one more roots and its rooted has a variable part. In other words, in an 
equation the variable is stuck into a root. 
- - 

l,\'Iicii n term in an equation has a square root (or surd), you should proceed as 

5tep 1 Isolate the surd on one side of the equation. 

Siep 2 Square both sides of the equation. 

Stcp 3 Solve the equation. 

t c p  4 Check your solutions. 

1 L  1s 

the : 
T+ :- very important (when you are checking your answers) to realise that 

iquare root of a number is always positive. 

t.or example, = + 10 (not -10) 

:. ~'i-5 = x - 5  (Isolating the square root) 

:. ( A . , ~ ) 7  = (x- 5)2 (Squaring both sides) 

Check x = 8 m - 8 + 5 = 0 * 3 - 8 + 5 = O Correct! 

x = 3 a J 3 + 1 - 3 + 5  = 0 - 2 - 3 + 5  # O Wrong! 

Answer x = 8 
. ~ -- - -- - - ~ ~ - p ~ -  

Examples: d x 2  + 7 + 2 = 2x 

x + 7 = 2 x - 2  d' 
checking x=3 

4 + 2 = 2 . 3  true,so3 isasolution 
-1 

checking x = - 
3 

14 - 2  - 1 
- = - false, so - is not a solution 

- 
3 3 - -  3 - p. 

flde : fi + 2x = 5 is not a radical equation 
- - - 

-. -- - . 



Equations and inequalities 

EXERCISES 

11) Solve these equations (and check your ansyers!): _ / 8..,/= = X-3 

12) Solve: a )x -&  = 2  b)x-.\12UjTXI=l 
-- - 7 d ) x + m = 8  

- - - - - - - - - - 

13) Solve: 
. 

a) ( x 2  - 5 ~ ) ~  - 4(x2  - 5x )  - 12 = O 

e) [ ( x  + 1)2 + 1l2 = 4x(x2  + 2) + 3x2 + 10 
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15) Solve: 
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Equations with algebraic fractions 
We apply operations and remove denominators provided they are al1 equal and not zero. 

1 x - 3  
Example: - + 3 = - 

X 2x 
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EXERCISES 

16) 1. S 
8. Find the values of x  which satisfy the 

.. -- 

- 2 ~ + 3  X - 1  equation - +- = 2 
x + 3  x + l  

olve x - ; 

olve x -  = 
1 

olve x = 

3x -  olve - 
X -  

9. Solve for x: 

x  Z 

10. Solve 

ind the vz 

. -, 1 12. Soive for x: 

6. Fi ilue of x  if 

cix+by=c 
17) ( Rearrange the equations in the forrn 

x + 3 v = 9  a 'x+  b'y=c' 

4 5 - - x2-  1  
X - 3  x + l  ( x + l ) ( x - 3 )  

Then solve by means of the three methods you have studied last course. 
= + Plot both lines and mark the point at which both graphs meet. 

- - -  - - ~ ~~- 
- -  

- - - - - ~ - - - . - -  _-- 

18) Add the same number to 100 and to 20 so as to make the greater nurnber three times the smaller one. 
(Diofanto, 3rd century) 

A man who was walking on a road came across a group of people and said to them: "if you were the 
ones you are plus that number again, plus half the half the half of that number, plus me, we would be 
100" How many people were in the group? 
(Beda, 8th century) 

A man dies, leaving a pregnant wife and his will explain how his estate, 98 gold coins, is to be divided 
between the wife and a son or a daughter: if the baby is a boy, he will receive two times the mother's 
part; if the baby is a girl, she will receive half the mother's part. The wife produces twins, one boy and 
one girl. How is the estate to be divided? - - -- 

(Chuquet, 15 th century) 
- 



LESSON 1 Equations and inequalities 
Simultaneous equations 

A set of simultaneous equation consist of two or more equations. They usually have more than one 
variables or unknowns. 

A set of values for the variables is a solution of the simultaneous equations when al1 the equations 
become true if the values replace the variables. 

Solving simultaneous equations means finding the answers to severa1 equations at the same time. 

Verifvina solutions 

Aslution-ofaset of simultaneo~quations can-be verified by - substituting~he - valuesforAe variables - 
Classifvina sets of simultaneous equations 

According to the number of equations and variables (2,3,4, ... equations; 1,2,3,4, ... variables) 
According to the type and degree of the equations (polynomic, linear, non-linear, rational, irrational ...) 
According - - to the number-of solutions - - - - -  - -- 

Number of solutions of two simultaneous linear equations 
An independent system of linear equations is that with a single solution. 
A dependent system of linear equations is that with a non-finite set of solutions. One equation is 

a b c  
really just another copy of the other: coeficients and constant term are proportional - = - = - 

a' b' c' 
An inconsistent system of linear equations is that without any solution. That happens when 

a b c  
coeficients are proportional but the - constant terms are not - in the same proportion as coefficients - = # 

.- a' b c- 
Linear simultaneous equations with two unknowns 

The first type of simultaneous equations we are going to solve is a set of two first-degree equations 
(linear equations) in two variables. That is any set of simultaneous equations equivalent to one like this: 

ax+by=c We must find values for "x" and "y" for which both equations are true. 
a lx+  b 'y= c' - - - - -- - - -  - - 

- - - 

Solvina two linear simultaneous equations wth  two unknowns 
Always before applying any method: 

-Rearrange both equations into the above form. 
Always afier applying any method: 

-Once you get the value of one of the unknowns, substitute it into any equation to get the other. 

The substitution method: 
-Leave one variable alone rearranging the easiest equation. 
-Plug in the resulting expression for that variable into the other equation. 
-Solve the equation obtained. 

Another method: 
-1solate one variable rearranging the first equation. 
-1solate the same variable rearranging the second equation. 
-Form a new equation equalling both expressions and solve it. 

The elimination method: 
-1f both coefficients of "x" are opposite numbers (or both coeficients of "y" are) add the 

equations and solve the resulting equation. 
-1f not, try to reach that situation multiplying one of the equations by a suitable number. 
-Sometimes you have to change both equations multiplying each one by a different nurnber (the 

coefficientof theljketerm - in - the - - other - - - equation - - - or else - its - opposite). - - -- - - - -- - - 

-P - 
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Simultaneous equations of second degree 

Substitution method is to be used. 
y = x + l  

Example: 
x2 + Y 2  = 5  

V!EF Substitution if o h l X f ; i r  m 
-7 - ~ + 2  _(L) The linc,~r equation - with only x's and y's in. 

1 - 
x2 + y: 4 +=. The guadr.,tic equation - with some x' and y' bits in. 

Rearrange the linear equation so that either x or y 
is  on its own on one side of the equals sign. 

ite this expression into the quadratic equation.. 

Sub into @. x2 + y2 = 25 

* ( 2 y - 5 ) 2 + y 2  = 2 5  

... anci tnen rearrange this into the form ax + bx + c = O, so you can 
salve it - either by factorising or using the ~iiaclratic formula. 

tinaiiy put both these values back into the linear equation to 
find corresponding values for x: 

So the sol 

,4s usual, 

"Iieai-range t5c IFniar cquatiorl 
to get either x or y on i t s  own. I 

- to get a quacfratic euualion 
in just one variable. 

- eit'ws by facloiising ar using 
the quadratic forniula. 

4) 1 & .J\.> .,.:..-.,,,.;, >.;.:: .J. , 1 +jrG-.:.i! ,:..*,: 0- I :  

1 
- ts fin¿ rorresponiiln~ vallies 

for the other variable. 

- x  + 2y  = 5  a When y = 4: - x  + 2). = 5 a 
- . r = - 5  j - x + 8 = 5  

* x = 3  

utions to the simultaneous equations are: x = -5, y = O and s = 3 ,  y = 1. 

check vour answers by putting these 
vnliies&ck-into'he original - - equations. -. 



LESSON 1 Equations and inequalities 

Geometric interpretation of a system of eciuations' solutions 
~ ~ - - - .. - . . ~ . ~  ~ 

- - 

- - - - - .- - - - - . - - 
{o rroín ~ i i  ing liicj \imui/,~ric~ous cdquabons, you knod 

&k the grapl~s rneet i n  tivo place' - the points (2,1, anl 

-7 Substitute expression S O I L ! ~ F ~  7u-2=X2-4.r+5 - -  . . . for y from @into@ 

Rearrange and solve: .x-' - 6x + 8 = O 
*. - ?)(.y - 4) = 0 

01 \; = d 

ln@gives: ~ = 2 +  !.=2~2-3=1 

x = 4 + , ! , = 2 ~ 4 - 3 = 5  - x 
-1 o .  1 2 3 4 5 

There's 2 pairs of solutions: x=2, v=l and x=4, y=5 -t 

Rearrange and solve: 

In Equation Ogives: 
1 '  7 2 

There's 1 solution: x=3, y=2 

h r ~ c ~ .  t / i ( ~ '  ~ ~ : 1 ~ 1 ~ i 0 1 1 ~  i 1 ~ 7 i : ~  0 1 1 1 ~  t ) / I C ~ ,  solutio~i, 
the two grapl~s onlj/ rneet al one point - (3,2). 
The straight line is a tangpn! to the curve. 

Example 
/ / i r  ~ ~ C / U . I I K ) I ? \  ¡ J ~ I ' + ~  I?(I  ~ i ~ / o t i o ~ i i  - the graphs never 
hl e.5t 

Solution: Substitute@in 0: 2x-5=.r2-4~+5 

Rearrange and try to solve x2 - 65 + 10 = O 
with the quadratic formula: 

b2 - 4nc = (-6)' - 4.10 

=36-40=-4 
b' - 4ac < O, so the quadratic has no roots. 

So the cimultaneous equations have no solutions. 
- _ -- - ~ ~ 

- - -  - - - -  
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EXERCISES 

20) Solve: 
~~ ~- - a){,"r;2==20 

- ~ ~~ -~~ - - . _- 

- - - - - - - - - ~ 2 + ~ ~ = 3 4  
x2-Y2 = 16 2x -  3y = 1 

- ~ . _ 
-~ ~- - . 

22) A king sends 28,000 gold coins to the captain for he must pay 7000 infantryrnan and 7000 knightr 
With 100 coins he can pay 18 infantrymen more than knights. If there were 1700 infantrymen anc 
200 knights to be paid how many coins would be needed? 
(Cardano, 17 lh century) 

Zaid is said to be given 10 coins less than the square root of Amrou's coins. 
Arnrou is said to be given 5 coins less than the square root of Zaid's coins. 
How many coins will each one receive? 
(Beha Eddin, 1 61h century) - - ~- .. - -. -- - . -- 

~ -- - -  
--- ~~ 

23) Solving for a variable each equation, and joining the expressions two by two with an equal sign, 
get a pair of simultaneous equations. Solve them afterwards. Finally, find out the value of the 
variable left 

x + y + z = 2  2 x + y - z = 4  1 ~ - 3 y - 2 ~ = 3  

2 ~ + 3 y + 5 z = l l  -x+2y+3z=3  c) 5x-2y+z=-3 

x -5y+6z=29  x+5y+z=14  3 x + y - ~ = 9  
- - 

- -  

- -- - - - -  - - -- - - 
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Carl Friedrich Gauss (1777-1855) is one of the greatest and most prolific 
mathematicians of al1 time. He was born into a poor family in Germany; his father 
was a gardener and his mother a maid. Gauss learned to calculate before he could 
talk. 

\nien he was four he corrected his father's calculations of a wage packet. 
On his first day at school (at the age of eight) he was set the task of adding 
1 + 2 + 3 + . . . + 98 + 99 + 100. He came up with the answer 5050 in an instant! 
(Can you see how he did it? Add 1 + 100, then 2 + 99, then 3 + 98 etc.) 

Gauss made numerous discoveries in mathematics and astronomy, including 
'Gaussian elimination', which is a method of solving simultaneous equations. 

-- Z X + ~ - Z = ~  L 1  - --- 

-3s - y +  2: = -11 ( L 3 )  
1 -2s  + y  + - 2: -- = -3 (L3)  

The algorithm is as follows: eliminate x from al1 equations below LI, and then eliminate y from al1 equations below L2. 
This will put the system into triangular form. 
Then, using back-substitution, each unknown can be solved for. 

In our example, we eliminate x 
from LZ by adding 3i2L1 to L2, and 
then we eliminate x from L, by 
adding Ll to L,. 

The result is: 

( 2 ~ + ~ - : = 8  
The result is: 

2 s + y  

2  2 
,- - 1  - 

Formally: 

Z 

L3 + L1- L3 Now we eliminate y from L, by 
adding - 4L2 to L,. 

This result is a system of linear 
equations in triangular form, and so 
the first part of the algorithm is 
wmplete. -~ - Formally: 

L3 + -4L2 - L3 

The second parf back-substitution, wnsists of solving for the unknowns-in-erse order. 
- -  - - - - - - - - - 

- 2 0 -  
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EXERCISES 

. ~- - 

24) Two cyclists start at the same time from opposite ends of a course that is 60 miles long. 
One cyclist is riding at a speed that is 415 of the second cyclist's one. How long after will 
they meet? What are their respective speeds? 

25) A person buys a radio and a computer with 2,500 €. Then helshe sells them and gets 2,157.50 
The loss in the radio was 10% of its original value. 
The loss in the computer was 15% of its original value. 
How much did each object cost at the beginning? 

26) The qualification for a job is obtained through two tests: a written test (worth the 65%) 
and a spoken test (worth the 35%). Someone gets 12 marks adding up the marks of the 
two exams and hislher qualification is 5.7. How many marks has helshe got in each test? 

27) The sides of a triangle are 18, 16 and 9 cm long. If you substract the same quantity from 
each side you will get a right-angled triangle. What is this quantity? 

28) One pipe can fill a pool two times faster than a second pipe. When both pipes are opened, 
they fill the pool in three hours. How long would it take to fill the pool if only the slower 
pipe is used? And if only the faster pipe is used? 

29) Calculate the measures of a rectangle: 
The diagonal is 75 m long; the rectangle is similar to one with length 48 m and width 36 m. 

30) If you shorten the basis of a rectangle in 2 cm and you shorten the height of it in 1 cm, 
its area will decrease in 13 cm2. The rectangle perimeter is 24 cm. 
Calculate the measures of the rectangle. 

3 1) We build a box without basis with a piece of cardboard of 240 cm2. If the volume of the box is 
360 cm2, find out the measures of the piece of carboard. 

32) How many litres of a 70% alcohol solution must be added to 50 litres of a 40% alcohol 
solution to produce a 50% alcohol solution? 

33) This time, suppose you work in a lab. You need a 15% acid solution for a certain test, but 
your supplier ships a 10% solution and a 30% solution. Rather than pay the hefty surcharge 
to have the supplier make a 15% solution, you decide to mix 10% solution with 30% solution 
to make your own 15% solution. You need 10 litres of the 15% acid solution. How many 
litres of 10% solution and 30% solution should you use? 

34) You have $50,000 to invest, and two funds that you'd like to invest in. 
The You-Risk-It Fund yields 14% interest. The Extra-Dull Fund yields 6% interest. 
Because of taxation implications, you don't think you can afford to earn more than $4,500 in 

~ - 

interest income this year. How much should you put in each fund? 
- - -. - - - - - -~ - - -- -- - - -  
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Inequalities 

Equations and inequalities 

Fere is a true mathematical statement: 5 > 2 

both sides and it is still true: 6 > 3 

~ t h  sides by 3 and it is still true: 2 > 1 

both sides by 10 and it is still true: 20 > 10 

:.ii!jrracr 5 from both sides and it is still true: 15 > 5 

both sic 

-,.7,.-"n 

les by -1 and it is false!: -15 > -5 

3 f , , L  ,, ,,, ,cFLF the inequality sign, - ~- it is true again!: -15 < -5 
-- ~ - - 

So we can generalize: 

a l b z a + c l b + c  
a l b a a - c l b - c  

Inequalities are very like equations. 

We may add the same number to both sides: x > y =. x + 3 > y + 3 

We may subtract the same number from both sides: x > y * x - 2 > y - 2 

We may multiply both sides by a positive number: x < y 5 x  < 5y 

X Y  We rnay divide both sides by a positive number: x < y a - < - 
2 2 

But! If you multiply (or divide) both sides by a negative number, the inequality sign 
changes around: 

x < y * - x  >-y and a 2  b a - a s - b  
- - p- --- - -- -- -- ~ 

Linear inequalities can be solved by rearrangement in much the same way E' 

linear equations. However, care must be taken to reverse the direction of thi 
inequality when rnultiplying or dividing by a n e g a t i ~ .  _ _ - - - ~. - 
- - - -  - - - - - - - - - -- -- 
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Example Solve the inequality 8 - 3x > 23. 

Subtract 8 from both sides: -3x > 1 5  

Divide both sides by -3: S < -5. 

Example Solve the inequality 5x - 3 > 3x - 10. 

Subtract 3x from both sides: Zx - 3 > -1 0 
Add 3 to both sides: 2x > -7 
Divide both sides by 2: 

~ - - - - - .- --  - 

x > -3.5: - - ~ -  
--- - 

Example 

Show on the number line the solution set of 1 - 4x  < 9, x E R 

Solution 

1 - 4 ~ < 9  

:. -4x < 8 (Subtracting 1 from both sides) 

:. 4x  > -8 (Multiplying both sides by -1 and changing the 
inequality sign around) 

:. x > -2 (Dividing both sides by 4) 

The solution set is al1 real nurnbers greater than -2. 

Example 

Show on the number line the solution set of -9 I 5 - 4 x  5 21, x E Z 

Solution 

- 9 5 5 - 4 x 5 2 1  

:. -14 < -4x 5 16 (Subtracting 5 from al1 three parts) 

:. 14 2 4 x  2 -1 6 (Multiplying by -1 and changing the 
inequality signs around) 

:. 3.5 2 x 2 -4 (Dividing by 4) A - -- - 
c i l u t i o n  set is a11 integers between 4 and 3Vi (including 4). 
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EXERCISES 

35) 
these inequalities and show 

solution set on the number line 
jn each case: 

k 1 < 10,Xl 
- S >  20,xc 

I k 1 < 1 3 , x i  

, - 1 l x +  3, 
( , ,  , - x > 2 x -  11 

I 5 5 ~ -  17, X E  R 

( 1  2 3 x -  1 . x ~  N 
. , , x > - 2 9 , x ~  R 

i iu l  $ 5  1 - X , X E  1 
; Y )  .y+-624(x- -- 1  

36) TiilTEsfhese inequahties ana snow 
~~- i he solutions on the number line in 

cnch case: 

1 - x  x - 1  (ix) < - 
3 '  

37) - Solve . -  these sets of - - simultaneous - -- ~~~ inequalities ~ and say what are the solutions in each case 
- .- 

x - 2  > o 3 - x > C ,  
x + 3 > 0  3 + x >  O 

38) Solve these inequalities and show 
ions on tl 

. 7 . , Y  

the solut 
each case 
(i) 5 5 2 x t  i ~ 1 1 , x t  l v  

(ii) -3 1 2 x -  1 < 13, X E  Z 
(iii) - 1 < 3 x + 2 <  1 7 , ~ ~  R 

tr line in 

(iv) -9 $ 4 ~ -  1 I 11, X E  Z 
(v) I < ~ x - ~ < ~ . x E  N 

-- 

- 24 - 
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Equations and inequalities 

3q)  List the elements in these sets: 

(i) { x I  1 - 3 x 2 - 8 , x ~  N} 
(ii) {x( -11 5 3 +  7x531, X E  Z )  
iii) { x l - 1 4 < 5 ~ + 1 < 2 6 . x ~  z) 
:iv) {xl -8 4 7 x -  15 20, X E  z} 
(VI (xI  2xS3,xE z: 

.- -. - 

40) Show the solutions to the following 

-- inequalities on the nuniber line: 
(i) 1  2 ?h %,XE N 
(iij -3 5 r 5 . x ~  R 
$i) -1 5 1 3, X E  Z 

iv) -3 2 : 

1 - 7 ~  
(v) 11 <- 

2 
< 1 8 , x ~  R 

~- - 
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Non-linear inequalities 

Quadratic inequalities are solved in a similar way to quadratic equations. At the final stage, we can 
study the signs of the factors and decide which real numbers fulfill the condition of making the quadratic 
positive or negative. 

Inequalities with rational expressions are to be solved in the sarne way after factorising both numerator 
and denominator. 

Exarnples: x2 - 3x + 2 < O 
the roots of x2 - 3x + 2 are 1 and 3 (use the quadratic formula) 
so we can write (x - 1xx - 2)< O , 

we must find those values of "x" that make the product negative 

1 when x<l 1 when x=l 1 when 1<xG 1 when x=2 1 when 2<x 1 
1 (x-1) 1 NEGATIVE 1 ZERO 1 POSITIVE 1 POSITIVE ( POSITIVE 1 
1 (x-2) 1 NEGATIVE ( NEGATIVE 1 NEGATIVE 1 ZERO 1 POSITIVE 1 
1 (x - 11. - 2) 1 POSITIVE 1 ZERO 1 NEGATIVE / ZERO 1 POSITIVE 

so those values are: numbers smaller than 1 and numbers greater than 2 as well 
we can say it more concisely (-m,l)U(2,m) 

x + 3  
20 

2 - x  
we must find those values of "x" that make the quotient positive or zero 

( when x < - 1 when x = - 1 when - 1 when x=2 1 when 2<x 1 

so those values are: number - 3 and numbers between - 3 and 2 as well 
we can say it more concisely [- 3 ,2)  

(x + 3) 
0 - -4 
x + 3  
2 - x  

In quadratic inequalities, a sketch graph is often helpful at the final stage. 
-- --- - - - - -  - 

~xarnp le  Solve the inequality s2 + 2u - 5 > 0. 

-2 I 1/24 -2 I 246 
f i = í 1 4 x 6 = 2 6 .  Use the formula to solve x2 + 2x - 5 = O. x = - 

2 2 

3 
NEGATIVE 
POSITIVE 

NEGATIVE 

Sirnplify the result. x = -1 I 6 
,?+2r-5>0when the 
curve is above the Sketch the graph of y =x2 + 2x - 5: 
x-axis. 

3 
ZERO 
POSITIVE 

ZERO 

Write the solution as two 
separate inequalities. - -  - 

From the sketch, x2 + 2.1-- 5 > O when x < -1 - 6 or when .Y > -1 + 6. 
- - -- - - .  ----- 

3<x<2 
POSITIVE 
POSITIVE 
POSITIVE 

POSITIVE 
ZERO 

does not 
exist 

POSITIVE 
NEGATIVE 

NEGATIVE 
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Example Solve the inequality x2 - 3x + 2 < 0. 

~ = O w h e n x = l  or Factorise the quadratic expression: (,Y - 1 )(x - 2) < 0. 
when r = 2. The graph 
must cross the x-axis Sketch the graph of y = (x - l ) (s  - 2): 
at these points. 

(S -1 ) (~ -2 )<0when The graph shows that (.Y - l)(x - 2) < O for x values 
the curve is below the 
s-axis. 

between 1 and 2. 

It follows that x2 - 3x + 2 < O when 1 < x < 2. - - - - _ 
- - -  - 

- -  
-~ - 

- ~ ~- 

~xa- Find the ranges of x which satisfy these inequalities: 
-- - 0 -x2+2x+4>1 

I 
@ 2 x 2 - x - 3 > 0  

First rewrite the inequality with on one side. 
8 

- .r2+2x+320 

So tind ~vhere it crosses tt *e y=O): 

-s2+2.,-+3=0 =3 

te x-axis 

.y2 - 2.r 

And the coefficient of x2 is negative, so the 
graph is n-shaped. So it looks like this: 

5:y 

You're interested in when this is positive or zero, 
¡.e. when it's above the x-axis. 

From the graph, this is  when x is  hetween -1 and 3 
(including those points). So your answer is ... 

-x2+2.y+421 when -1 5.1-5 J .  

4 

Example . ~-. 

equation 1 + 

This one already has zero on one sicle, 

Find where it crosses the x-axis: 

2x2- ,Y-3=0 , . (  , > 

. Factorise it & 1- 
3 (2x - 3)(x + 1) -: find the roots. 

And the coefficient of x' is positive, so the 
graph is u-shaped. And looks like this: 

You need to say when this is positive. Looking at 
the graph, there are t\vo parts of the x-axis where 
this is  true - when x is less than -1 and when x is 
greater than 312. So your answer is: 

2x2-x-3>0 when Y.,-? or Y- . . '  . 

So draw the graph of 

1 ~ = . ~ 2 - 6 . ~ = s ( s - 6 )  

Ancl t l i i s  is !-:*;\:!: when x .= O or .y> 6 .  

If you divide by x in equation 1, y0u.d only &t half the solution - you'd miss the x < O part. 
-- -- - -- -- 
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EXERCISES 
- .- ~ . 

41) Study the sign of each factor and find the range of x that satisfies: 
- -. -- - - -- 

a) ( x -  1)(x + 3) > O b) X(X- 4)  < O el (,Y + 3)(x - 2) < 2 
c)  (x- 5)(x+ 2)  4 o - --p.- - - -  

d) (x + 1)(3 - x) S O 
- - -- 

-- - -  

42) Solve: 

44) Find the values of k , such that 

( x  - 5)(x - - 3 )  3 k for al1 possible values of x. 
-- - ~ - - -. - -  -~ - 

45) Study the sign of each factor and solve: 

Either al 

4 r 

gebraically, or by sketching the graphs, solve the inequality 
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Simultaneous inesualities on two variables 
- -- - -- - - - - -  

To formulate a linear programming problem you need to: 

x and y are often used 
for the variables. 

Typically, this may be to 
maxirnise a profit or 
minimise a loss. 

It's a good idea to 
sirnpliíy the constraints 
where possible. 

Identify the variables in the problem and give each one a label. 

Express the constraints of the problem in terms of the variables. You need to 
include non-negativity constraints such as x > O, y 2 0. 

Express the quantity to be optimised in terms of the variables. The expression 
produced is called the objective function. 

=--en. "- ' - ' 

Example Labour Materials 

A small company produces two types of f 25 
armchair. The cost of labour and materials 
for the two types is shown in the table. Y=IUAC ,--TU f 50 

The total spent on labour must not be more 
than f 1 150 and the total spent on materials must not be more than f 1250. The 
profit on a standard chair is f 70 and the profit on a deluxe chair is f 100. 
How many chairs of each type should be rnade to maximise the profit? 

In this case, the variables are the number of chairs of each type that may be 
produced. Using x to represent the number of standard chairs and y to represent 
the number of deluxe chairs, the constraints may be written as: 

and x>O, y > O .  

Using P to stand for the profit, the problem is to maximise P = 70x + 1 OOy. 

Each constraint is represented by a region on the graph. 
It's a good idea to shade out the YA 
unwanted region for each one. The part 30, 
that remains unshaded then defines the --. 
feasible region containing the points 20- 
that satisfy al1 of the constraints. 

The blue line represents the points 10- 

where the profit takes a particular value. P = 70s + 1 ooy\, 
Moving the line in the direction of the o 

o 1'0 210 30 "\ 4'0 
arrow corresponds to increasing the 
profit. This suggests that the maximum profit occurs at the point X. 

X does not represent the 
solution in this case Solving 3x + 4y = 11 5 and x + 2y = 50 simultaneously gives X as (1 5, 17.5). 
because both x and y 
must be integers. The nearest points with integer coordinates in the feasible region are (1 5,17) and 

(1 4,18) The profit, given by P = 70x + 1 OOy, is greater at (1 4,18). 

The maxirnum profit is made by producing 14 standard and 18 deluxe chairs. 
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